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| 
i 
| THE PRINCIPAL FORMULE IN 
r TRIGONOMETRY. 
PART I. 
| 
| I, Circumference of a circle—27r. (Art. 12.) 
| m=3:14159... [Approximations are 22 and $73]. (Art. 13.) 
| 1 A Radian=57° 17’ 44-8" nearly. (Art. 16.) 
| | Two right angles= 180°=200€=7r radians. (Art. 19.) 
i Angle = 22. x Radian. (Art. 21.) 
| 
|| п. sin? 0--cos* 0—1; 
|+ sect @=1-+tan* 0; 
| cosect = 1+4-cot? б, (Art. 27.) 
| ш, sin 0°=0; cos 0°=1. (Art; 36.) 
| : 1, v3 \ 
sin 30°= 55 cos 30°= 7. (Art. $4.) 
sin 45°=cos 45°= vx (Art. 33.) 
sin 60°= YS; cos 60°= 3. (Art. 35.) 
sin 90°=1; cos 90°=0. (An. 37.) 
y3-1 o V3+1 
sin 15% YT; сов 15°= SOS. (Art. 106.) 


sin 18° УЗ, cos 36% we. (Arts. 120, 121.) 


vili THE PRINCIPAL FORMUL IN TRIGONOMETRY. 


IV. sin (— 0) — —sin 0; cos (— 8) =соз 0. 
sin (90°— 8) —cos 0; cos (90°— 6) =sin 0. 
sin (90°-++ 6) —cos 8; соз (90°-+ 8) = —sin 0. 
sin (180°— 0) —sin 0; cos (180°— 6) —— cos 0. 
sin (180°+- 0) = —sin 0; cos (180°+ 0) = — cos б, 


М. Ifsin 0=sin a, then 6=n7+(—1)%a. 
If cos 0—cos а, then 0—2nm-La. 
If tan б={ап a, then 0—nr--a. 


* vr. sin (44-B) —sin А cos B+cos A sin B. 
cos (44- B) =соз А cos B—sin A sin B. 
sin (4— B) —sin А соз B—co A sin B. 
cos (4— B) —cos А cos B+sin A sin B. 


sin C+ sin D—2 sin СЕР cos CZ D 


7 
tin Cain D=2 cos ED in C-D 
2 

cos C--cos D=2 cos SEP cos C-D 
> 

cos D—cos C=2 sin CD sin CD 
7- 


2 sin A cos B=sin (A+B) ka (4—в). 
2 cos A sin Basin (A+B) —sin (4—B). 
2 cos A cos B=cos (А+ В) cog (4—B) 
2 sin A sin B—cos (4—B)—cos (A+B, 


(Art. 68.) 
(Art. 69.) 
(Art. 70.) 
(Art. 72.) 
(Art. 73.) 


(Art: 82.) 
(Art. 83.) 
(Art. 84.) 


(Art. 88.) 


(Art. 90.) 


(Art. 94.) P 


(Art. 97.) 


THE PRINCIPAL FORMULE IN TRIGONOMETRY. їз 


tan A+tan В 


tan (A+B) = [tan A tan B 


tan A—tan B 


tan (4—B)= TL tan A tan E. 


(Art. 98.) 


sin 24—2 sin A cos A. 
cos 2A=cos* A—sin? A=1—2 sin? A=2 cos" 4—1. 


2tanA од l—tan* 4 


tin 24— |. tant A 501747 IFA) (An 1099 


2tan А 
tan 24— apî A (Art. 105.) 


sin 24—3 sin 4—4 sin? A. 
cos 3A=4 соз? A—3 cos A. 


3 tan A—tan? A 


tan 34= uad (Art. 107.) 


A 1—cos A Г+соз A 
їз у=} RID NEU ET: . (Art. 110.) 


2 sin $ МТ AV Iain 4. 
2 cos $ =4+/1+sin ATA Iain А. (Art. 113.) 


tan (Ac Array LEER. (Art. 125.) 


VIL logs mne-loga m--loga n. 
loga 2 slog, m—loga n. 


loga m*=n loga m. (Arê: 136.) 
lega m=logs m X loga b. (Art. 147.) 


х THE PRINCIPAL FORMULA IN TRIGONOMETRY. 


sin A _ sin B _ sin C (Art. 163.) 
уш. = $ ZU (Art. 
ew Ac Pire (Art. 164.) 
ا‎ G-D (—2 à 
ain $ =r (EBES, — (Art. 165.) 
EN AE (Art. 166.) 
br x^ 
DIES 167. 
tan 5 а =җ/ دک‎ ау 9 (Art. 167.) 
sin A= = 2 уа) (=) (=e), ...... (Art. 169.) 
a=b cos C--c cos B,...... (Art. 170.) 


(Art. 171.) 


Se уа) (2—5) ==} be sin A= i ca sin B= Û aê sin С. 


2 ` 

(Art. 198.) 

= 5 с abe T 
PE A^ T7 nica = тшп E. (Arts. 200, 201.) 
=$ =(s—a) tan 4 =..=.., (Arts. 202, 203.) 

= 7= =a 4, (Arts. 205, 206.) 


=V (=a) (s=8) (=e) 24); (Art. 219.) 


> =1, when 0 is very small, (Art. 228.) 
Area of a circle =g, (Art. 233.) 


—— 


THE PRINCIPAL FORMULE IN TRIGONOMETRY. х1 


х. sin a+sin (a+f)-+sin (a+28)+... to n terms 


a n—1 . np 
ОСЛО 
ет 


cos а + соз (a+ В) + соз (a+28)+... to n terms 


a { ар at } = (Art. 242.) 
sing 
PART II. 
x. qk, (1+) =e =271828...... (Arts. 2, 3.) 
mlx 2+ H +... ad inf 
ar 1-Ex loge a+ E (loge a)"+... ad inf. (Art. 5.) 


loge й+д=х—4 gis ies эсе ad inf. 


when :>—l and > 1. (Art. 8.) 
Lt (ss Lt = 3! i 
n=% Aa a | =!- (Arts. 14, 15.) 
n 


хп, (cos 0-4-4 sin б\п== сол л0+- sin nd. (Art. 21.) 


xu THE PRINCIPAL FORMUL/E IN TRIGONOMETRY. 


хш, sin nÜ—n tos”! 0 sin 0 


3 d cos? 6 sin? 0+ ...... 


cos пд =сов"0 — дес) созз- 0 зіп? 0 


(n—1) (n—2) (п—3) -4 0 sin* 0— 
+ Men DET Cos?^* 0 sin* 0—...... 


tan n0— Ts ES 


XV. Log (a+ fi) loge \/аї-Е%-+-4(2лт--б), 


where = andsin = — Ê 
A FV iint ЖМат т" 


a 1 
XVL tan ex perl sirt i ad inf, 


where х is numerically not greater than unity. 


1 1 
@—рт=чап 0— 3 tan’ 0+ 5 tan* 6—...... ad inf. 


where @ lies between pr— 4 and PL 


/ 


(Art. 27.) 


(Art. 30.) 


(Art. 33.) 
(Art. 32.) 


(Art. 60.) 


(Art. 82.) 


(Art. 95.) 


(Art. 96 
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куп. ain — 2азх" cos nê + а?" 


т=п—1 


>= rte emen] (Art. 115.) 


т=0 п 


п 
т=—=- 


jt 2ra 
TD АИ (a2 cos — +1), (п even) 
T=1 


AEn 


ж 2 
and =(х—1) Ir (o2 cos = +1), (n odd). 
тез. (Art. 119.) 
s 3 D (#-2« cos aE! 1) (n even) 
х"+1= п п з 
=0 
п-3 
зано 2+1 +1 odd 
and =íx+ l) п (2-2 iem Tt ) (п ). 
{=0 (Art. 120.) 
: g в ә " 
sin 0=0 (1-3) (17253) (1= gal 4н (Art. 122.) 
EET: 4e 4g А 
ec d A) (te a) (1- mae adinf. (Ан. 123.) 


PART II. 


ANALYTICAL TRIGONOMETRY. 


CHAPTER I. 
EXPONENTIAL AND LOGARITHMIC SERIES. 


1. In the following chapter we are about to obtain 
an expansion in powers of x for the expression a*, where 
both a and x are real, and also to obtain an expansion for 
log, (1--x), where х is real and less than unity, and e 
stands for a quantity to be defined. 


- y 
2. To find the value of the КО) 1+7) ‚ when n be- 
comes infinitely great and is real. 


Since : <1, we have, by the Binomial Theorem, 


1v = n(n—1)(n—2) 1 
eS =l -+n ЖОП 1:2 zi 1.2.3 sets 
1 
ЕТЕ 
А Мз. ЖЛ n 
B r^ pP E 
E етае (1) 


This series is true for all values of л, however great. 
Make then n infinite and the right-hand side 


L* Ael Sas 
=н Чү тоза гыш MS Bel. (2). 


2 TRIGONOMETRY. 


n. 
Hence the limiting value, when z is infinite, e( 1+- 1) 


is the sum of the series 


i 1 à 
tp gg ... ad inf. 


The sum of this series is always denoted by the quan- 
tity e. 
Hence we havc 


Lt 1үз 
=o (1+ 3 ==е, 


Where Lt stands for “ the limit when n= 0 
п==со 


1 


m it follows (since m is zero 


Cor. By putting n= 


when л is infinity) that 


E (mma (+, j= 


п==со 


3. This quantity e is finite. 


ior since B <7, <А, 
EIIZ 
"pee A nas.) 
Н + get a inf. 
Ў xl eu. 


Ii 
«1-42, ie. < 3. 
Also clearly e > 2. 


THE QUANTITY f. 5 


Hence it lies between 2 and 3. 
By taking a sufficient number of terms in the series, it 
lcan be shewn that 
£—2-7182818285.... 


4, The quantity e is incommensurable. 
For, if possible, suppose it to be equal to a fraction? 


ire whole numbers. 
We have then 


1+14 3 + + ++ ЗЕ gat 0). 


Multiply this equation by |g, so that all the terms of the series (1) 


„ where p and q 


become integers except those commencing with gir Hence we have 
[ДЕШЕ КЕЗЕ 
$ lg-1 = whole number+ gii + ee + [zx gt 
H 
i.6. i mg ل‎ уруу 2 
ia an intero түт + GFT + GENETS nO 
But the right-hand side of this equation is > a ‚апа 
1 1 
ен + Grp Grit 
ie. is СШ +(1- 2) 
q+1 ` qr 
ie. is < a E 
- 
Hence the right-hand side of (2) lies between ze and 2. and 


9+1 4? 
therefore a fraction and so cannot be equal to the left-hand side. 
Hence our supposition that e was commensurable is incorrect and 
it therefore must be incommensurable. 


5. Exponential Series. When x is real, to prove 
that g 
upto 
ex—1--x-4 В+ Шш iuf-, 
P. T. Il-2 


TRIGONOMET? + 
and that 
а*= 1 +x log, a+ 5 (loge а)?--... ad inf. 
When л is greater than unity, we have 
1 nix 1 nx 
{(1+3) | (1) 


1 _ nx(nx—1) 1 пх(пх— 1) (nx—2) 1 
ay gee ge безди. 


3 ns 
3) ү 
=1-+х+ 1:2 == m e 


In this expression make п infinit 
hand becomes, as in Art. 2, ex, 


The right-hand becomes 


ely great. The left- 


° хз 
Fer [str 
Hence we have 
x x3 2 
кнр равы ad inf. ....(1). 


Let @=€, so that c—log, a. 


3. 
pt ad inf., 


сес 


by substituting cx for x in the series (1). 


7 а®-—1--х loge a+ [aoe a) [s lose 2)?-L...ad inf. 


6. It can be shewn (as in C. Smith's Algebra, Art. 278) that the . 
series (1), and therefore (2), of the last article is Convergent for all real 
(values of x. 


— 


XPONENTIAL THEOREM. 5 


14 1 
7. Ех. 1,; Prove that z(-2-pB*g ETE 


By equation (1) of Art. 5 we have, by putting x in succession гга! 
to l and —1, 


ii 


1 1 E 
1 Сита 


e=] +> 15 gt duo . ad inf. 


and i=l 


Hence, by subtraction, 


ealta ++), 


82 zle- j- +8 the «ad inf. 


Ex. 2. Find the sum of the series 


1+2 UPES 1+2+3+4 


jj Sone т + B obw ША 


1 3 
SE E 
Ге БР TES л 


1 n+1 زس[‎ 
23-7 al i-i 


provided that n>2. 
Similarly 


The nth term 


AM the 2nd term = 1+0) 


and the Ist term =3[ Hi 


a 
v TRIGONOMETRY. 


Hence, by addition, the whole series 
1 1 IT 
=F ++ 5+ <4... ad inf 
@{ +++ тга] 
1 1 1 1 à 
ъа + B+ j +... ad nf] 


3 
= 2 erm T 


8. Logarithmic Series. 


To prove that, when >й 
real and numerically < | » then 


1 1 1 4 
log, (1+-y) =y— 5+ 327—374 ... ad inf. 
In the equation (2) of Art, 5, put 
a=l +y, 
and we have 


(1+y)#=1-b« log, (14:5) + ig llog, UHP... ... (1). 


But, since y is real and numerically — unity, we have 


rele oper te emu 


C Rt. (2). 
The series on the right-hand side of (1) and (2) are 
equal to one another and both convergent, when ر‎ is 
numerically < TI. Ао it could be shewn that the series 
on the right-hand side of (2) is convergent when it is 
arranged in powers of x. Hence we may equate like 
powers of x, 


"Thus we have 

log, (145) — 4 coo در‎ +29) » 
+.. ad inf, 

Фе, loge(1+-y) =y— ir 5 у? дуаа inf 


LOGARITHMIC SERIES. 7. 


9. Ify=1, the series (3) of the previous article is equal to 
It ed 


17-33-34 ad inf. 
which is known to be convergent. 
If y— — 1, it equals —1— 3- i — HET inf. which is known to be 
3 
divergent. 


In addition therefore to being true for all valucs of y between —: 
and +1, it is true for the value y=1; it is not however true for the valu: 
у=—1. 

10. Calculation of logarithms to base е. 
In the logarithmic series, if we put y—1, we have 


DT NL А 
log, Sh . ad inf. ...(1). 
If we put p 
we have 
3 1 
log, 3—log, 2=loge 5 =log, | 1+ D 
1 IA 1 1 1 1 
=5—$ ata p g ate Tm (2) 
If we put p 
we have 


log, 4—log, 3—log, 144 —3—5:9tl3:3—z42:a lb 
BUS aoa 3 4°38 


From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log, 3, and log, 4. 

It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 
the required degree of accuracy. We shall therefore 
obtain more convenient series. 


TRIGONOMETRY. 


ll. By Art. 8 we have 


1 1 1 1 
log, (1-3)3— 5+ 325— 47+ “з ж. (1) 
апа, Ьу changing the sign of y, 
1 1 1 
log, 073) = رار روو‎ ois (ot 


In order that both these Series may be true y must 
be numerically less than unity. 


By subtraction, we have 


1 1 1 
log, (1-4-5) —log, (1 —)-log, 1-2 рч. ] 


m—n 
Let ре , 
where m and n are positive integers and m>n, so tnat 
It» om 
I—» mw 
The equation (3) becomes 


m m—mn l(m—aM | m—n\ 
log, =2 (=) т) +3(2=") ar И (4). 
Put m=2, n=] in (4) and We get log, 2. 


Put m—3, nao and we get log, 


3—log, 2, and there- 
logarithm of any number to base e. 
12. Logarithmg ta 


the previous article, to bı 
natural logarithms, 


base 10, The logarithms of 
ase e, are called Napierian ог! 


LOGARITHMS TO BASE 10. 9 
We can convert these logarithms into logarithms to 
base 10. 
For, by Art. 147 (Part I.), we have, if V be any number, 
log, JV—log;, Vx log, 10. 


1 
Л logy) N=log. NX —— Tog; 10° 


Now log, 10 can be found as in the last article and 


бта БЫК is found to be -4342944819.. ., 
oec 


Hence — log;;.V--log, V x 43429448.. 
so that the logaritlim of any number to its 10 is found 
by EU AE its logarithm to base e by the quantity 
-42499448.... This quantity is called the Modulus. 


EXAMPLES, I. 


Prove that 


L j lete сг. gte 


2. [o Pte Jed А -pte Jet 


ELE ae 
s. (1 ttu Mpa J- (i++ g+ AEN 
да 18 v4 e G Е 
4. TB tp ES =: Brptpt = 
Hoole, di 
HEG 1 
* 1 1 err 
"get 
3 
7. More =5e, 
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Find the sum of the series 


Pet OI 2 
8. Кр ыл +... ad inf. 


TERR epee ыша экы f£. 
* DRS афо: ad inf 
Prove that К 
ааа a e o 
10. +5 (=) Beg (=e) о am tog, 8. 


l+x 1 1 E 
п. dog 32e ay 89 ad inf), 
at] [I 1 1 q Р 
12. log 1—2 (rs gc айы), ikesi: 


13. loge (13-3233) =3x— Sa ры ligt 


provided that 2x be not > 1, 
14. 2 loge x—loge (4-1) І 


—loge (х—1)= at gue эйх>1. 


15. loge 2— CR l g tad inf. 


1 1 d 
16. loge 2—5 = 1 m 


17. tan 0+2 tan? 94. i tanë 04 -3 [| =, 


18. If@be> 2 and <», prove that 


(1) sin 0+1 sin? 84-1 5 sins 0+... ad inf. 


1 0 
=2 [sor 50 3 соё 5 +} cot Pte ad iat], 


| and, if 0 be >0 and <a E Prove that 


(2) 3 sint 08-3 sint OFE sin? 0+... ad inf 


(^ Ment zn HL 


5+5 penis ad ы] 


[Exs. 1.] LOGARITHMS TO BASE 10. п 
19. Iftan? 0<1, prove that 
tan? 0— j tant @+ à tan? @—... ad inf. 
1 1 
sinî 04 = sin! > 
sin? 0+ ماد و‎ ec 3 


20. Prove that, if 20 be not a multiple of 7, 


sin 0+... ad inf. 


log cot 0—-cos 28+ 1 cos? 20+ 1 cos? 204- ... ad inf. 


21. Prove-that the coefficient of x^ in the expansion of 
(loge (1--:))* 
1 2(—1)" ick! 1 
ш LY it +g tt |: 


22. Use the methods of Arts. 11 and 12 to prove that 
1од2==`30103... 
апа logi 3 ="47712.. 

23. Draw the curve y=loge х. 

[If x be negative, y is imaginary; when x is zero, у equals —c» 
when x is unity, y is nothing; when х is positive and >1, у is alway: 
positive; when х is infinity, у is infinity also.] 

24. Draw the curve у =10810х and state the geometrical relation 
between it and the curve of the last example. 


[Use Art. 147, Part Ї.] 
25. Draw the curve J=a*. 


13. The two following limits will be required in the 
next chapter but one. 


п 
14. To prove that the value of (o; 3 , when n is infi- 
nite, is unily. 


i 
We have cos (i —sin® 4 S 
n n 


* TRIGONOMETRY, 


Now, by putting 


—sin? 2 xS 


we have 


{ 1—sint 2 2) wer sin? "agnus 
а 
Also, by Art, 228 (Part 1), 


2 sin? & 
п 
d 
sin = 2 
al SECS Sos =1x0=0 
т “ 


When л is infinite, 


Hence, When п is infinite, 


e 5 5 log, Cos? 7 
n Las 

9 log, — sin? 

2 a Sin j 


ad fe 22 1 ES та 
HET п Fg зіп 5*3 sin SEDE 


1 


(Art! 8.) 


6 (A: Cor.) 


TWO IMPORTANT LIMITING VALUES. 213 


The series inside the bracket lies between sin? тапа 
the series 
sin’ 5 +sint = +sin® $ +.. ad inf., 
te. lies between 


"ERG 
sin? — 


1 a 
sin? x and A 
l— sin? — 
n 
j; 


i.e. hes between sint = and tan? 2 "t 


Hence —log u lies dk. 


5 sin? T and 5 tant .. Оо сй (1) 
But 
. а з 
sin = A 
n int =Lt| — = E 
icona eec лж a 
n 
and 
2 
sinz 1 


(Art. 228, Part I.) 


Hence in the limit both quantities (1) become 0, so 
that log и becomes zero also, and therefore, in the limit, 
u-l. 


14 


TRIGONOMETRY. 
n 
00 
sinz 
15. To prove that the limiting value of Es 
n 


when n is infinite, is unily, 


We have shewn, in Art, 297 (Part L), 
tan б are in ascending order of Magnitud, 


that sin б, бапа 
c. 


Qaa a | 
Непсе Sin =, —, and tan £ 
nmn n 
are in ascending order, 
a 
n 1 
Hence 15 a АЙС а re 
‚а а 
sin = Cos ~ 
n n 
are in ascending order, 
a n 
n з 1 үл 
Therefore = | lies between land жо › 50 
sin- cos— 
n n 
REL 
sin — 
that =) a 
a cod Res between | and (2) 5 
— ti 
n 
в ; eje | 
ut, by the last article, the value of (cos!) is unity, | 
se + n 1 
when n is infinite, 
але 
sin— 
Hence, When л 


i D Л п 

is Infinite, the value of | — 
a 
n 


is unity, 


TWO IMPORTANT LIMITING VALUES. 15 
16. There is one point in Art. 2 that requires some examination. 
We ought to shew rigidly that the value of the series on the right 

hand of (1) is equal, when л becomes indefinitely great, to the series 


(2). 


Take the (p+ 1)th term of the series (1), viz. 


(2-9 0-9 


ран (1). 


When а, b, €...... are all positive quantitics and less than unity, we 
have 


(1—2) (1—5) =1—a—b+-ab>1—a—6, 
and (1—a) (1—5) (1-0) > (1—a—/) (1—6)71—a—^- с, 
and so on, so that 


(1—a) (1—5) (1—)......>1— (a+ b-+e+ ......) 


Hence the numerator of (1) lies between unity and 
19 25:3 p-1 
(а ) 


,)0 ر 


ie. between unity and Эп 


Therefore the quantity (1) lies between 
Ay telat) e 
Erde 
Hence the whole series (1) of Art. 2 lies between 


1 1 2 
р. ғ, 
рв 4 ad ini 


and 1414 (3 + +) + (г PE ade ad int., 


gom 3 2n B o2! 
М 1m 1 H 
i.e. 141+ p'g* YIN ad inf. 


1 T egt 
—g (1+ б-а int) 
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Now the series Hg 


*g +...ad inf. is, as in Art. 6, convergent, „о 


that the quantity 1 (+++...) is, when x is made indefinitely 
great, ultimately equal to zero. 


Therefore, finally, the series (1) of Art. 2 is 
1 1 a 
LET teta +... ad inf. 
A similar argument will apply to the series in Art. 5 and also to those 
in Arts, 32 and 33. 


sts каб a) (epo Do i-r cm 
(Фу) © шш о) (6ч ) (-1)=0 
acs [21] [x 1 _ S =4 urs 
Сй лгу) a еар 1) (6-1) в=о 
(оёт гу) o=, 
u v 
“(рро u) « ( DER pup *° 9-а) gll (1+а)= ри 
8-y74 
z o=; 
(чәлә u) « LDpacc 8 2 II = 1+0 
( Tray 6 ж =) "T са 
C61 ay) 
4 2 A 1= к 
(рро u) (+4 502 =) gl (1-а) Р 
т=р=; 
5 T=; 
(чәлә и) (e soo а-ә) RS A (т (= | 
Nettie и 0=4 
(str uy) 586 п ~ 
1—и—4 
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CHAPTER П. 
COMPLEX QUANTITIES. DE MOIVRE'S THEOREM. 


17. Complex quantities. The quantity «+. V=, 
where x and y are both real, is called a complex quantity. 
A complex quantity consists therefore of the sum of two 
quantities, one of which is wholly real and the other of 


which is wholly imaginary. 

18. A complex quantity can always be put into the 
form т(соз 0-- V —1 sin 6), where r and 0 are both real. 
For assume that 

xy v —1-—r(cos 0-- V —1 sin 6) 
zr cos 0-- V —1 . r sin б. 
Equating the rcal and imaginary parts on the two 


sides of this equation, we have 
f COS Ü—x. een (1). 


and rsin E cece eee renee (2). 
Hence, by squaring and adding, we have r!—x*--5*, 


во that کم‎ Vp 
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It is customary to take the positive square root of 
5®--у% and hence ғ is known, 

From (1) and (2) we then have 

cos Ta and sin 0— xed 

Whatever be the values of x and y, there is one vas 
of 6, and only one value, lying between —1 radians an 
+m radians which satisfies these two equations, 

The quantity хруут can therefore always bc 
"expressed in the form r (cos 04- УТ sin 6). 

Def. The quantity + 3335? is called the Modulus 


of the complex quantity, and that value of 0 (lying bc- 
tween —; and +r) which satisfies the relations 


x 5 . 3 
€osQg—— * — and sin 9+ 
+ pa Mya: 
is called the Principal value of the Amplitude of 
*+yV —T, 
19. Ex. 1. Express in the above form the quantity 14- VZT. 
Here 1++У—Т= (cos 9+V=T sin бу, 
30 tham т cos 0—1, 
апа rsin 0—1. 
We therefore have r= ЖУТ 2, 
and then Mar LR 
so that - 0T 
4 
Hence 


1+V =1 m lam 
at 1 [= + VET sin) 
50 that 2 is the modulus and™ 


gis the Principal value of the amplitude) 
of the given expression. 
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Ex.2. Quantity —14V=3. 
Here — I-- V 14/3—r (cos 06+ V — sin 6), 


so that т cos ĝ=— 1, and r sin 6—4/3. 
2. т=ъУЇ+З=+2, 

and then cos = 5 and sin б= уз, 

зо that 0= Es 


. =14-V=3=2 [cos $ +V sin 27), 


Ex. 3. Quantity —1— V —3. 


Here r cos 0—— 1, and r sin 0= — 4/3, 
so that r=+V1I43=+2, cos =- 3 and sin 0= — МӘ 
Hence (since we choose for 0 that value which lies between — and 
+r) we have 6=— = 


sime [e- УКЕ) 


20. In Art 18 the equations 


x 
cos = ——=— and sin б= J 
TY TY: 


are satisfied by more than one value of 0. For the cosine 
and sine of an angle repeat the same values when the 
angle is increased by any multiple of 27 radians, so that, 
if 0 denote the value between —z and +r satisfying the 
above relations, the general solution is 
2nr+ 6, 

where п is any integer. 

This is expressed by saying that the amplitude of a 
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complex quantity is many-valued, The Principal value 
is that particular value of the amplitude that lies betweer 
—7 and +r. 


Tf to the Principal value of à we add any multiple o 
2» we obtain one of its many values. 


To sum up; If 0 be that value, lying between —7 
and --7, which satisfies the equations 
x 2 5 
6—— — — and sin 0=. -(1), 
id VAF Маул 


then 
ХУТ У [cos (2-6) VZT sin (222-6): 


Тһе quantity 2771-8 is called the 


amplitude and 6 is 
called its Principal value, 


For brevity we often Write equations (1) in the form 


tan 0—2, ie. Pena, 


but it must be understood tha: 


t here the angle denoted is 
the one that s, 


atisfies the conditions (1). 


21. De Moivre's Theorem, Whatever may be the 
value of n, Positive or negative, integral or fractional, the value, 
or one of the values, of 

(cos өрүт Sin 8)" is cos пем sin n6. 

Case I. Letn be a posi 


tive integer, 
By simple multiplication we have 


[cos a+ VZT sin 
=COS a cos B—sin a sin B+ 


в] [cos 84 у sin 8] 
Viisin а cos B-+-cos a sin 8] 
=cos (a-+-8)4+ VZT sin («--8). 
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So 
[cos a+ V—1 sin а][соз B+ VZT sinf][cos y4- V. —Isin у] 
[eos (a+8)+ V.—T sin (a--8)] [cos у УТ sin y] 
|= [cos (a-FB) cos y—sin (a+) sin yl 
+V —1 [sin (а-ЕВ) cos y+cos (a+) sin y] 
=соз (a+B+y)+V—T sin (a+8+y). 
This process may cvidently be continued indefinitely, 
bo that 
[cos a+ УТ sin e][cos B+ V —1 sin Bl[cos y+ V —isin y) 
+... to n factors 


=cos (a+f+y-+... to n terms) + V —T sin [a+B+y+... 


to n terms]. 
In this expression put 


«=В=у=...... =й, 
so that we have 


[cos 0+ V—1 sin 6]"=cos n0-+ VZT sin n6. 


Case II. Let n be a negative integer and equal to 
-m 


We have, by the ordinary law of indices, 
(cos 0-- /—T sin 6)^— (cos 0-- V —1 sin 0)-т 
E 1 1 


(cos 0-I- —Т sin @)™ соз m0+V—1 sin m6’ 
by Case I, 
cos m0 — V/ —1 sin m 
^ (cos m0 -- V —I sin тб) (cos m8— V/ — 1 sin тб) 
_ e =з ПД m0—V/—1 sin m 
=cos (—m)0+V—I sin (—m)6 
=cos п04- МЇ sin n6. 


heenor 165440 
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Case III. Let n be fractional and equal to £, where 
q is a positive integer and b is an integer, positive or 
negative. 
By the previous cascs, we have ‘ 
{ [cos 2+ М1 sin = (0 ev sin (« . з) 
=cos + УТ sin б. 


Therefore соз g +vV= isin ; is such that its gth power 


is cos OF / —1 sin 9. 


Hence соз ^ +V—Tsin H is one of the gth roots of 
q 


cos 0+ V—1 sin 6, 
0 =й б, 
t. cos - Voi sin- 
i.e. 7 + f 
is one of the values of 
1 
(cos 0+ V=T sin 0)1 


Raise each of these quantities to the pth power. 


We then have that one of the values of 


TE ө в\^ 
[cos 0--4/—1 sin 0)? is (cos2 ФУТ sin Ч) E 
0 
he. is cos A +VII sin pe 
q q 

22. The qu 
and will be о 
cos 0+; sin @ tl 


antity i is alwa 


JS nsed to denote 4/—1 
ften so used hi 


Creafter. The expression 
lercfore means Cos 0--/—] sin 0. 


DE MOIVRE’S THEOREM. 23 


Ex. 1. Simplify 
(cos 30--i sin 30) (cos 8—1 sin 6)? 
(cos 56-Е1 sin 50)" (cos 20—i sin 38)" 
We have cos 304-ї sin 30= (cos -+i sin 0)?, 
«os Q—i sin A=cos (— 6) -- sin (— 6) = (cos 0+i sin 6)71, 
cos 50-- зіп 50— (cos 8+i sin 0)’, 
and cos 20—i sin 20—cos (—28)+4 sin (—26) — (cos 0+i sin 0)-*, 
The given expression therefore 
д. (cos 6+ зіп 6)! (соз 04-1 зіп 0)-° 
(cos 04- зїп 0)* (cos 6+-i sin 0)-1° 
= (соз +i зіп 6)- 1? —cos 139—1 зіп 130. 


Éx.2. If 2 cos б=х+ Land 2 cos фу +, 
| 1 
rove that the vali xm — 
prove one of the values of xmm- E 
D 2 cos (m8--n$). 
We have х%—2х cos 02 —]. 


Л. (x—cos 0)! — — 12- cos? 0— — sin? 0, 
2. x=cos O+i sin б, 


so that x™=cos m8+i sin тб, 
and x =cos mÜ— i sin m6. 
Similarly y=cos é- i sin ¢, 
so that f —cos nd+i sin пф, 
and Ж =cos nó— i sin ng. 
1 
eme утуп 


= (cos m6- i sin m6) (cos ng +i sin nd) 
+ (cos m0— i sin m0) (cos mó— i sin nd) 
=cos (m0-+nd)+i sin (т0--лф) 
+-cos (т9л) —i sin (т0-+-лф) 
=2 cos (m0--n$). 

Similarly it could be shewn that one of the values of 


xum, y. v. 
анс (m8—n4) 


derived from algebraical identities, 
For we know that if a+b+e=0, 
then e EP c= Babe, 
Let a=cos a+i sin a, bes cos B+ sin B, 
30 that we have a+b+e=0., 
7. (cos a+isin а) (cos B-I-i sin B)*4- (cos y4- i sin у)" 
=3(cos a+i sin а) (cus B+i sin В) (cos ytisin y), 


and e=cos y+i sin y, 


(cos 3a+cos 38--соз 3y)+i(sin 3a+-sin 3B+sin 3y) 


73 cos (аву) 3; sin (a-- B. )- 
Hence, by equating real and imaginary Parts, we have the required 
results. 


i 1+ 2 1-4 ^ 4/34; 
3+4 5. 1+2 
+. = 
e & 2-34; 


(cos 0— i sin gy 
7. (rer M a. (cos ati sin 


а) (cos B+ sin В) 


9, = 20—isin 20)" (cos Miet PNEU IUE 
Соз 40 Li sin 40) (cos 56—i sin 56)-e 
(cos tei sin g* 
10. 2—6 oo ss [соз aisin a)i 
(cos Lm ED Gin BT cos pfi" 
1 s 
2, (cos н КК ARA 
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13. Prove that 
(sin x+# cos x)? cos n G -a)+i sinn Н -ғ), 
1+sin (+i cos $^ пт ‚а 

and that [ккк = (37 EE sia (F —n4). 

If x, y, z and u stand respectively for 

соз a+i зіп a, cos B+i si В, cos y-+i гіп у, and cos 6+i sin 8 
prove that ў 

14. (x+y) (z+u)=4 cos چگ‎ cos 7-3 [е ster: 


‚ка SEE YO 
+isin SEPT |6 


ed hs‏ کے 
Goya) 477 2 cosc tzi [eos ЪЁ‏ .15 
шла‏ 


16. ху+и=2соз SHB 9 Fl HEE inin tPF УКЕ] 
17. From the identity 
(в%—һ) (1—40) = (9—3) (ad) + (a= °) (0—07) 


prove, by putting а= соз a+i sin a and similar expressions for the other 


letters, the identity 
sin (a—B) sin (y—5) sin (a—8) sin (y—A) +sin (а— у) sin (8—8). 


18, From the identity 
(«5 &—9 , (a9 9 ү 6-2 80 | 
(a—5) (а—с) (=e) (b—a) © (e—a) (c—5) 
deduce, by assufning cos 20+ sin 20 and corresponding quantities 
for a, b, and c, that 
иа) sin 2(8— a)+ two similar expressions =0. 
Similarly, deduce identities from the identity 


H 


1 1 
сй” (056-4 0-0 G= 
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19. Prove that 


т c b 
(a+ bi)"-+ (a— bin 2 (9.4 jay соз (z tan" 7]. 


а; 


20. If 2 cos Өх=х-. 1 , 
1 

prove that 2 cos rO= xr FE 

2L if 2 cos в 4 cos 6+5, и 

1 

prove that 2 cos (0+6...) = yz... SEE 

22. If eon gy + VT sinz, 
Prove that WELLS PT inf. = cos y, 

23. Using De Moivre's Theorem solve the equation 

fi Ex l0, 
23. 


In Art, 21 we have only shewn that 
соз Е Ут эе 


is one of the values of 


1 
(соз ө VZ cin 0): 
©З may be easi] 


1 

(cos 04- VZT sin 9)? соз (rr 4-0) ут 
1 

sin (2nm-+ 6) ја, where 


у obtained, For 


nis any integer, and one of the 
values of the latter quantity js 
cos = + V=T sin Ü 
By giving n the successive values 0, 1, 2, $,... (0—1) 
We see that each of the quantities 


cos 0 VI inf, 
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is equal to one of the values of 
(cos 0-- / — sin Du ; 

The highest value that we need assign to n is @—1; 
for the values 4, 4+1, 9+2,... will be found to give the 
same result as the values 0, 1, 2,.... 

Also no two of the quantities (1) will be the same. 
For all the angles involved therein differ from one another 
by less than 2 and no two angles, differing by less than 
2л, have their cosines the same and also their sines the 
same. 

To sum up; By giving. to n the successive values 
0, 1, 2,..q—1 in the expression 


cos лы +у—1 sine" 
we obtain q, and only q, different values for 
(cos 84- V —1 sin f. 
24. By the use of the last article we can now obtain 


trigonometrical expressions for any root of a quantity 
which is of the form «+yi. 
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For we Proved in Art. 20 that 
*-Eyi— p[cos (2лт-+ OE V —1 sin (2n 6;], 


where P= Vx руг 
and @ is such that 


4 

Ву giving m in Succession the values 0 IPIS, 4—1, 
wc obtain the 9 required roots 

25. Ex. 1. Find the values of 

(зиста) 
We have 
T TM 

(c3 *V—bsinz = [cos (из. 3] vai sin (2m4 3) it 

where n is any integer 


195 


12 » and cog 12 М1 sin 19", 
The student Vill note that the valu i 
€ n4 wil i i- 
tonal value, OF it gives n Eu n 
(24 т 
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[Ысы 1а етае за cos РУ —T sin рд» 
and this is the first of the quantities already found. Similarly the values 
5-55, n=6, and n=7 would only give respectively the remaining three 
quantities, and so on. 


Ex. 2. Find all the values of (—1)3- 


Since cos т==— 1, and sin 7=0, 
' we have (—1)3 = (cos 7+ УТ sin т) 
= [соз (2nz--7) - V — 1 sin (2nz--7)]i 
2ят+т ‚ 2лп+т 


=cos—g— УТ sin j^ 
Giving n the values 0, 1, and 2, the required values are 


RG E EN EE 
cos + V T sin 5, cos a+ V. —1 sin v, and cos 3 + V —T sin 5- 
ie. үсү Sp —1, and RES 


Ех, 3. Solve the equation x9 — x: x*—1—0. 
The equation is  (Ф+1)(4%—1)=0. 
Taking the first factor, we Бае — 
x= —1=соз (27-1) УТ sin (2+ 1)7, 
— , rl 
so that х=соз 2+ I VEI in 7. 


Giving ғ the values 0, 1, 2, 3, 4 successively we have as solutions 


cos 369 4- У — Tsin 36°, cos 108? 4- V =T sin 108°, cos 180?-- V — Tsin180*, 


cos 252*-- V —1 sin252°- 
and cos 324*-- VZT sin 324°. 
Taking the second factor, we bave 
хб 1 cos 2лт У — 1 sin 277, 
зо that х=со т+у-! sin 5 


Giving n the values 0, 1, 2, and 3 we have as solutions 1, V —T, —1, 


and —V—1. 
Hence all the roots are known. 


30 
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EXAMPLES. Ш.. 
Find all the values of 
Loi 2 = 3. (Dk 
4. (1). 5. (FV e а+у—зу, 
* (-V-3L а (y34v=ph ж, (Ууз-утуї, 
10. 16%, п. 325 12. (1+ V-Syie. (1/9) 
13. Simplify (cos 2 + isin 20) 


and express the results in a form free from trigonometrical expressions, 
14. Find the continued product of the four values of 


T sss TM 

(cos $ + isin 3) . 

15. Prove that the roots of the equation 24115120 are 
EVI ЕЧ in 2гт 


САУ 
16. Solve the equation x11. - 1—0 and find Which of its roots satisfy 
the equation xt x31. 1—0. 


Solve the equations 
17. x'4+1—0, 18. трлер =0, 
19. Prove that Маты Vari 
has n real values and find those of 
YEV YV. 
20. Prove that the n nth roots 


of unity form a series in ор. 
21. Find the seven 7th roots 


26. Binomial Theorem for Complex Quantities, 
It is known that for any real values of n and 2, provided 
that z be less than uni › we have 


—1 — m 
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When г is complex (== =x+yV =T) and n is a positive 
nteger, the ordinary proof applies and the theorem (1) is 
still truc. 

When z is complex, and n is a fraction or negative, it 
can be shewn that 


1--ng4- =) L= ZUM A УЛО (2) 


is one of the values of و‎ provided that the modulus 
of д ie. Ухуд, is less than unity. When this modulus 
is equal to unity, the theorem is only true (1) when n is 
positive, and (2) when n is a negative preper fraction and 
z is not equal to —1. 

The proof is difficult and beyond the range of the 
present book. We shall therefore assume the result. 
Uhe student may hereafter refer to Hobson's Trigo- 
nometry, Arts. 211 and 212, or Chrystal’s Algebra, Vol. TI 
Page 262. 


CHAPTER III, 


EXPANSIONS OF sin n AND Cos лб, SERIES FOR sin @ 
AND COS Ü IN POWERS oF Ө. 


27. By the use of De Moivre's Theorem we can 
obtain the expansion of cos n9 and sin лд in terms of the 
trigonometrical functions of б. 

For we have 

cos nĝ-+i sin n0— (cos 0-L.i sin 0)”, 

Since n is a positive int 
holds for (cos 0-I-i sin 0)". 

Hence, by expanding, we have 
Cos nO+-i sin п0=со5"9 4+ д 087-10, i sin y 


+ LD cogging 71-2 


eger, the Binomial Theorem 


Cos"? @.35їцз 
Hence, since 


we have 
cos n6-Li sin n9=cos9— ха) C057-30 sind 9 
n(n—1) (n—2) (n—3) 

dns 15-92 


С057—40 sine өр, 


+i [ п С057-19 sin Ө— 3>1 2) cos™ Q sin? es... 


TANGENT ОР A SUM OF ANGLES. 33 
By equating real and imaginary parts, we have 
cos nü— cos" 0— du) соз”? @ sin?0--...... (1), 
and 


cos"-30 sin? 0 


sin пб =п cos"-10 sin 0— WELLE 


aD e) cos"-59 5їп50—...... (2). 

The terms in each of these series are alternately posi- 
tive and negative. Also each series continues till one of 
the factors in the numerator is zero and then ceases. 


28. From equations (1) and (2) of the last article we 
have, by division, 


cnp sin n8 
cos лб 
n соз?! ĝ sin 0— eem Cosi7? 0 sin? 0--...... 
EC 0 1) cos” 0 sin? 0+ n(n—1)(n—2)(n—3) con igant g... 


1.2.3.4 

Divide WE numerator and denominator of the right- 
hand member of this equation by cos"0, and we have 
tan n0— 


ап е) tan38-L0— рест (n—4) tanê 


aie tans e ا‎ 4g 


29. The values for cos nô and sin xÛ in Art ?7 may also be obtained, 
by Induction, without the use of imaginary quantities. 
For assume (1) and (2) to be true for any value ofa. Then, since 
сов (n+ 1)6=cos пд cos 0—sin n8 sin 6. 
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we obtain the value of cos (n4- 1)0, which, after rearrangement, is found , 
to be obtained from (1) by changing n into (14-1). 


Similarly for sin (n4- е. 


Hence, if the formulz (1) and (2) are true for one value of п, they 
are true for the next greater value. 


But it is easy to shew that they are true ror the values 1—2 and nz. 
Hence, by Induction, they can be proved to be true for all values of n. 


30. From De Moivre's "Theorem may. be deduced 
expressions for the sine, cosine and tangent of the sum of 
any number of unequal angles in terms of the tangents of 
these angles, 

For we have 

cos (a-4-B-- y4-...) --i sin (a+B+y+...) 
= (cos a+isin a) (cos f+ sin В) (cos yii uin »)...(1) 
Now соз a+isin a—cos в[1-Еїїап a], 
cos fi sin В==соз 8(1 4-i tan р), 


cos (a-I-B-1-y4-...)-Ei sin (a--B-- y4-...j 

003 a соз f cos y... (1--i tan a) (143 tan В) (14i tan y)... 

cos a cos В cos y... [1-Fi(tan atan B4-tan у" 
+2 (ап атап B--tan В tan yt...) 

+(tanatanptany-+tanftan tang, ) 

xo ie АДИ, ДАЙЫ) @ 


Using the notation of Art. 125 (Part L), this equ: 
may be written 


соз (a--B-4-y--. ..) -Ei sin (a--B4- y4-...) 
=cos a cos f cos y, vobi is eng pins s]. 


УЕ 


Чол 
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Hence equating real and imaginary parts, we have 
sin(a--B-4- y...) —cos a cos B cosy. . [53 —5s4-55—5;. .]. . (3), 
and 
со5(а-В-- у...) —cos a cosB cos y. ..(1—5s54-54—54-..)...(4) 


Hence, by division, 
tan (a+B+Y+...)== p 05). 
The signs in the expressions on the right hand of (3) 
and (4) are alternately positive and negative. 
The relation (5) was shewn, by Induction, to be true 
in Part I., Art. 125. 


31. Ex. Prove that the equation 
a? cos? 0+b sin? 0--2ga cos 0--2fb sin 0+c=—0 
has 4 roots, and that the sum of the values of Ө which satisfy it is an even multiple 
of n radians.. 


0 
Let (Stan 5. d 
2 tan 2 1— tan? Й 
Then since (Art. 109, Part I.),sind= and cos = $ 
1 + tan"; 1+ tan" ; 
2 2 
the equation above becomes 
1-8 ^ 
ar (Fn) +» (ren) +22 aa Hi түр t=, 


or, on reduction and simplification, 
H(29—2ga-I-c) +4 fbi+1(46"—2a?-4-2c) +4 fot+-a®+ 2ga-+c—0......(1) 
This is an equation having 4 roots. 
4fb 
Also 5,=sum of the roots=— win › 


А 5 402—2а%-2с 
$,=sum taken two at a time= PETET › 
Ju 4fb 
$,=sum taken three at a ime=— agai’ 


a*4-2ga4-c 
and 5,7-suim taken four at a time= EFTTA 


P. T. 11-3 
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Since, s,—5,, it follows, by the last article, that 
nn (268+ 2) ے‎ 4-5 
[The denominator 1— s,--5, does not vanish unless q3— 51] 
40,470, 05+ 05=2 . пт radians 
=an суеп multiple of т radians, 

[The student who is acquainted with Analytical Geometry will sec 
that this is a solution of the problem “ Ifa circle and an ellipse intersect 
in four points, prove that the sum of the eccentric angles of the four 
Points is equal to an even multiple of two right angles."] 


EXAMPLES. IV. 
Prove that 
1. cos40-cos! 0—6 cos? 0 зіп? 0-F-sin* 0. 
2. sin 60—6 cos* 0 sin 8—20 cos? 0 sin? 04-6 cos 0 sinë б. 
3. зіп 70—7 соз? 0 sin 0—35 cost 8 sin? 84-21 cos! 0 sin’ 0—sin? б, 
4. соз 90—cos? 0—36 созт 9 зіп? 04-126 cos? 0 sint 9 
—84 соз? 0 sin? 04-9 соз 0 sin? 0, 
5. соз 80—cos? 0—28 cos 9 зіп? 04-70 cost @ sin‘ 0 
— 28 cos? 0 sin? 04- зіп 0. 
Write down, in terms of tan б, the values of 
6. tan 50. 7. tan 70. 8. tan 90. 


9. Prove that the last terms in the expressions for cos 110 and 

sin 110 are 
—11 cos 0 sin 0 and — sini 0. 

10. Prove that the last terms in the expressions for sin 80 and sin 90 
аге —8 cos Û sin? 0 and sin? 9 respectively, 

11. When n is odd, prove that the last ter 
sin nô and cos nô are respectively 

п-1 п-1 
€ (—1) 2 sin” 0and п(—1) 2 cos @sinn-1 9, 

12. When n is even, prove that the last terms in the expansion of 

sin nô and cos лб are respectively 
n-2 


ms in the expansions of 


n 
n(—1) 2 cos § sinn-1 бапа (—1)? sin» 0, 
13. Ifa, B, and y be the roots of the equation 
P+px+ox+p=0, 
prove that tan“ a--tan^! 84 tanı y=mnr radians 
except іп one particular case, 


SIN @ AND COS @ EXPANDED IN A SERIES, 37 


14. Prove that the equation 
sin 30—a sin 0--b cos 04-с 


has six roots and that the sum of the six values of 0, which satisfy it, is 
equal to an odd multiple of z radians. 


15. Prove that the equation 
ah sec @—bk cosec 0—a*— b? 


has four roots, and that the sum of the four values of 0, which satisfy it, 
is equal to an odd multiple of z radians, 


16. If 0,, 0s, 0, be three values of 6 which"satisfy the equation 
tan 20=A tan (0+ a), 


and such that no two of them differ by a multiple of 7, show that 
0, 054-0, +a is a multiple of т. 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
SERIES OF ASCENDING POWERS OF THE ANOLE. 


32. Asin Art. 27 wc have 
cos nÜ — cos" 9— = ;^ cos"-? @ sin? A 


sa (n—3) 
ЖОГ: РЕЛЕ 
Put «=a, and we have 


cos"71 0 sint 0—. 


a 
6 n-2 in? 
COS a —cos" Q— ——— — соз"? 0 sin? 0 


22 
af а а а 
00-10-2053) Cos"-* 0 sint 0 
is 1.2.3.4 urs 


ET а(а— 6) cds А E j 
cos" 0— E 051—260 E 


Сы EE i ко 6\* 
B +o 9) Sel 
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In equation (1) make 9 indefinitely small, a remaining 
constant and therefore n becoming indefinitely great. 


Then E is, in the limit, equal to unity ard so is 
sin 8 
every power Е) (Art. 15.) 


Also cos @ is, in the limit, equal to unity ana хо also is 
every power of cos 0. (Art. 14.) 


Hence (1) becomes 


4 6 
cos a—1— E ue ite ad inf. 
3 [Cf. Art. 16.] 


33. To expand sin a in terms of a. 

As in Art. 27, we have 

n(n—1) 2 = 
EES 

As before put "=a, and we have 


sin nO@==n cos"-! @ sin @— 2) eos"? Oisin? 0+.. 


E 
sin a= 3 cos"-1 9 sin 6540 T 8 со5"—20 sin’ 0 


283 
afa a а „\[а 
-A-E 
ел0 со051—5 0 sinë 0+... 
1 9 (sin € а(а—0) (2—20) | sin 0\3 
= a cos" of *°)- ——1.2.3 008" 8 =g | te 


As in the last article make 6 indefinitely small, keeping | 
a finite, and we have 


zin a-a-E- i-i +... ad inf. 


[CE Art. 16.) 


TAN Ө EXPANDED IN A SERIES. 39 


34, There is no series, proceeding according to a 
simple law, for the expansion of tan @ in terms of 0, similar 
to those of Arts, 32 and 33. 


We shall find the series for tan @ as far as the term 
involving 65, 


3 5 
аар 
For ta p ines ETIE 
cos е 8 
1— [0 tu 


neglecting 69 and higher powers of 6, 


Ga. qi SIUS NO ES ) 
(0 6 + T0 0) (: + tog QN 


e 2 
лану 


on reduction and neglecting powers of 0 above 65, 

A similar method would sive the series for tan ¢ to 
as many terms as we please. The method however soon 
becomes very cumbrous and troublesome. 


35. In Arts. 32 and 33 we tacitly assumed that a 
was equal to the number of radians in the angle con- 
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Я уь H S... sing. 
sidered, For, unless this be the case, the limit of = is 


not unity when 6 is made indefinitely small. 


When the angle is expressed in degrees we proceed as 
follows. 


Let a= x radians, so that 


a 234 х 
180 r’ 
т 
and hence х= a. 
180 
Then COS a°=cos x? 


; 1 gio 1 пбаб ; 
[2 тво + |t тво: — jo тй + ad inf 


3 5 
sin a?—sin xc—x— E + [5 M 


та eli 7o V ЕЩ та Y ; 
=i- i5 (75) +[5(т®) —... ad inf. 
36. Sines and cosines of small angles. The \ 


series of Arts. 32 and 33 may be used to find the sines 
and cosines of small angles. 


For example, let us find the values of sin 10° and 
cos 10”. 


à m 1 T 3 
Since 10"— ар x 1m) radians 


= (sim) 
~ 64800/ ° 


SINES AND COSINES OF SMALL ANGLES. 4) 


we have 
in 10" n A [Ж б Шут Ne 
sin 10"= блду — [3 (69800) ^ 5 (а) cue 


d үл (a) (кш) 
ап! cos 10'— э? 61800 +j я) — 


т 
Now ©1800 ^ *0000484815368..., 


4 
T ‘ani 
(coz) = :0000000023504..., 
з 
т 
апа (55) = -000000000000113928.... 


Hence, to twelve places of decimals, we have 
sin 10°=-000048481 368, 


2 2 
and cos 10 =1— E E 
=1—-000000001175 
= 1999999998825. 


37. Approximate value of the root of an 
equation. The series of Art. 33 may also be used to 
find an approximate value of the root of an equation. 
The method will be best shewn by examples. 


ял Ө 1349 
Ex. 1. If > = 1350 Prove inu: the angle 0 is very nearly equal to 
1 5 
i5 h radian. 
We know that, the smaller @ is, the more nearly is P equal th 
unity. Conversely in our case we see that 0 is small. 
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In the series for sin @ (Art. 33) let usomit the powers of 0 above the 
third, and we have 


02 
Beet. ш 
Яр, 1350 = — 1350 
6 1 
= 1350 = 295 


Hence 0= 15 so that the angle із Б of a radian nearly. 
If we desire a nearer approximation, we take the series for sin 0 and 
omit powers above the 5th. We then have 


77 7350" 
we 120 20 
This 00—206 120 _ 20 
"E SS 08005: 
Hence, by solving, 


g10 4, 722480 _ 150—149:933312... _ 066688 
Bat каби ыл 
1-00032 


15 
Ба: 


a L00016  ,. 
.. 0 ]5 "edian. 


This differs from the first approximation by about 5000 th part. 


Ex. 2. Solve approximately the equation 
cos G +) =.49, 


Since -49 is very nearly equal юз › which is the value of cos $ it 
follows that 0 must be small. М 
The equation may be written 
1 1 1 


1 МЗ а өш 
g cos 0— T sn oim TOO rese (1)» 


For a first approximation omit squaresjand higher powers of 0. By 
Art. 33 this equation then becomes 
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so that 
2 1 _ 23 _ 3-4641... 


0— 73 T0 300 = ~ 300 
For a still nearer approximation, omit cubes and higher powera of 
0. The equation (1), then becomes 


=-011547...... radian, 


1j, 0). уз 1 
3-3 12% 7 = 3 10 

is 94-2 /30— туу 
Y An =-0115086...radian, 


‘The first approximation is therefore correct to 4 places of decimals. 
The angle @ is therefore very nearly equal to 0115 radian, i.e. to 


about 40’. 
The accurate answer is found, from the tables, to be -0115075... 


radian. 

38. Evaluation of quantities apparently inde- 
termimate. We often have to obtain the value of quan- 
tities which are apparently indeterminate. 

Suppose we required the value of the expression 

3 sin 0—sin 30 
“B(cos 8— cos 30)" 
when @ is zero. 
If we substitute the value 0 for 0, we have 
0—0 
0x0’ 
which is apparently indeterminate. 


The expression however, for all values of 8, 


3 sin 0— (3 sin 0—4 sin? 0) f sin? 0 
= é(cos 8— (4 cos3—3 cos 8) (deos 0--4 cosit) 
sin? 0 sin 6 e mom 


m 


= 8cosüsiniü  ÜcosÓ cos Ô om 
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Now, the smaller 8 is, the more nearly do both 
lut sin 0 
cos Û aod FOF 
apj4^oach to unity. Hence, when @ approaches the limit 
zero, the given expression approaches the limit 1 x Lik 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 


that the expression is “ at first sight ” indeterminate. 


39. In many cases the real value is very easily found 
by using the series for sin 0 and cos 6. The method 
is shewn in the following examples, of „the first of which 
the example in the preceding article is a particular case. 


ni Qs 
з PAE) 
E 


0+ higher powers of Ө 


6*+- higher powers of o] 


n'—n 


— =~ E'-rhigher powers 
[5 gher ро; 


NN S 0? +- higher powers 


When 6 is zero, this expression 


nn .m—l m 


T - WR == 


INDETERMINATE ЕХ PRESSIONS . 


| 3 
Ex, 2. Find the value, when x is zero, of the expression 


cos x—loge (1-+-x)-+sin x—1 


ех) E 


Since loge (1--x) 2x— pet ie- ite 
e 


d ebbe ® 
an el +x + 
2 B 


x* 
T Wu (Arts. 5 and 8), 


this expression 


ferge). 


(ре) е 


ы 
- j higher powersofx | — б + powers of x 
NEM Pm H 
ри higher powers of x Я +-powers of x 


When « is zero, this latter expression 


= 1 =0. 
Ех. 3. Find the value, when x is zero, of 
1 
lan x\>. 
es } 


0\0 
When х is zero, this expression is of the form (б) 


t 1 
A х-ы... M 
But it also = ( З. ) (Ан. 34). 
Now, by Art. 2, Cor., the value of 
3 
xt 
(+) 


is e, when x is zero. 


Hence the expression =e ==] 


The value of the expression may be also found by finding the value 


of its logarithm. 
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EXAMPLES. y. 
зїп 6 9 _ 3 
1. If 78 "i 
Prove that @ is the number of radians i is 4° 24” nearly. 
sin 0 863 
IO 78 =б64›, 
prove that @ is equal to 4° 47’ nearly. 
sin 0 5045 
3. if 78 7396 
prove that the angle 0 is 1° 58’ nearly. 
sin 8 ..2165 
es 70^ 2166? 
prove that 0 is equal to 3*1 nearly. 
sin @ m 19493 
5. If Ton T јсг 


prove that @ is equal to 1° nearly, 


1 
6. If tne =, 


find an approximate value for 6, 


Find the value, when x is zero, of the expressions 


y пд = EN 
+ 1—cos mx ` 9: зіп bx 
tan x—sin x tan 2x—2 sin x versin ax 
10, nts 1. тл агг. 12. ушп 
13, sin x—sin mx 14, 2 sin ax— j1 gin bx 
m(cos x—cos mx)” $ tan ax— a? tan bx“ 
å? sin? ax —a? sin? бу xloge (14-х 
Ъул zn 16 mien 
17. Sl Hloge (Iss) | 18, *+2sinx—sin 3, 
* sin? x ^ x+tan x—tan 2; 
19. зіп x--sin 6x— 7x 20. sin? nx—sin® mx 


x 1 1—cos px 
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l[sinx , ex—e-x sin V mnx —sin mx sin nx 
а]. om (соз та) (1—соз nx) 


3 sin x—sin 3x 
x— sinx ` 


{sin x—2 sin 5 }+(U—cos x) 


24. 2 
sin x sin 2x—8 cos x sin? 5 — gsn‘ 
3 
= тз 
gs, “= as, (2. 
у x 
س‎ 
х. Зх\х 
27. (cos*+sin 7 le 
Find the value, when x equals » of 
28, (cos x-- sin 2x4-cos 33) 
* (sin x--2 cos 2x—sin 3x) ` 
29. (sin g)tan ғ, 30. sec x—tan x. 
Find the value, when n is infinite, of 
x xy EC 
31. (cos). 32. (cos) 33. (cos) 


1 
34. Ifn be >l and 0-5 nearly, prove that (sin 6) "is very 


nearly equal to 
(1 D-- (1) sin @ 
(п-- 1) + (1—1) sin 0^ 
35. In the limit, when B=a, prove that 
asin £—f sina 


36. Prove that 
1 m 1 
مھ 2 سے د‎ 
EE qe пана, 
and deduce that in a triangle ABC, in which C is a right angle and CA 
is five times CB, the angle А exceeds the eight part of a right angle by 
6’ 36^, correct to the nearest second. 
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37. Find a and b so that the expression a sin x-+b sin 2x may be 
as close an approximation as possible to the number of radians in the 
angle x, when x is small. 

38. If y=x—e sin x, were e is very small, prove that 

Pane moe 
tan 2 tan 5 (1 e+e? зіп! 5), 
and that 


tan 5 =tan 3 (cena cost). 
where powers of e above the second are neglected. 


39. If ın the equation sin (w—6)=sin w cos a, 


8 be very small, 
prove that its approximate value is 


2 tan w sin? Я (1—tant w sin? 5): 


2 
40. If ¢ be known by means of sin $ to be an angle not 15, 
prove that its value differs from the fraction 
28 sin 24 -- sin 44 
12(3+2 cos 24) 
by less than the number of zadians in 1^. 
40 Ех. Prove that the roots of the equation 
8x*—4x1—4x--1—0 


Tous ada BH 
are 605 >) cos =, and cos ^7, 
and hence that cos 7 +cos d + cos 3a = j eaten Б У (2) 


т 3r 3m SF 5m 5л 1 | 
cos 3 eos ues 7 cos -7 + cas 73 соз E) О) 
d т Зл 5л _ 1 
ап cos 5 eos 7 соз gea 4). 


First Method. Let y—cos 0+i sin 0, where 0 has either of the 
values 


т 32 бл 97 liz 137 
T 7° 7% т ту andoy. 
Then J’ —cos 704-i sin 78— — 1, 
ie. (3+1) (оуу у 1) =. 
Now the root y==— І corresponds to the value @=л. 
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The roots of the equation 
IEP درز‎ by HHO ۰ (5) 
are therefore cos (+i sin 0, where 0 has either of the values 
т Зп Se 9s lm 137 
‘pail Tih pall АНУ E Pie ne 
Put inm = cos ĝ+- isin 0+ cos GE isin B 
==cos 04-i sin 9+ cos 0—1 sin 0—2 cos 6, 


1 [t ПЫ 
зо that + я = (2+5 —2=4х%—2, 

16 1 Е 
and +з =(э+ У {+ 3) e —8x1—6x. 


On dividing equation (5) by 2° it becomes 
1 1 1 
2+ — ) ادر‎ =) --1=0, 
+ я (> +53) + (2+ 3) , 
ie. 8х2—4х2—4х4-1=0 ......... "uctor eet em (6) 
The roots of this equation are 


9 1 13: 
соз P cos м, соз 2, cos т cos 7j запа cos = 
Si 137 т llr _ os 29 
ince cos 7л =cos 7, соз 278 =c 7 , 
9r 5 
and соз = созу, 


the roots of (6) are therefore 


5 
cos 2 cos 37 and cos T 


7? 
We then have 
eT оъ 
соз ges. 1003 57 § 2’ 
5n Sr —4 1 
cos 7 cos 37 +-соз 3 +cos °F +-соз 57 cos = Тр. 
d z 37 5т 1 
ап соз 7 соз "у соз 7 a 


Second Method. The equation 
(cos Fi sin 0)1==—1__........................ (7). 
cos 76 4-isin 70— —1 
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is clearly satisfied when 0 has either of the values 


т Зт Se 97 lis — 18, 
з SUD Б УЫ anu —. 


; ...(8). 


Writing с for cos @ and s for sin Û, the equation (7), on being 
expanded by the Binomial Theorem, becomes 


€ -F7ics —21651— 35 jc453 4 3505*4-2 Lic — 75 
Equating the real Parts on each side, we have 
6 — 218324. 35054 758 1 


we sce that the cosine of each of the angles (8) 


—is-—]. 


Putting 53—1—«1, 
satisfies the equation 


61c—] 12‹®-Ь56‹3—7с--1=0. 


ie. (е1) (88— 4:464 1 
But 
12 
cos п== — 1, cos M =соз zi cos 117 cos 4 and cos we cos = 


so that the roots of (10) are —1 and cos oe cos m andcos 57, thc 


latter threc being twice repeated. 


5z 


Hence cos 5 cos T and cos y are the roots of the equation 


889—409 — 4601-0. 
But this is equation (6). 


The equation (9) may also be obtained by putting n=7 in equation 
(2) of Art. 49, which is in the next chapter. 


Third Method. When only a small number of angles are intro- 


duced the equation (6) may be easily obtained without using imaginary 
quantities, 


Let 0 denote any of the angles (8). 
Then 78—2n odd multiple of z. 


7. cos 40= — cos 36, 


т.е. if cos Û Se, we haye 

2 {22 1}#—1=—{4‹3—3г}, 
ie. Bet — 8c24- =-3с— 403, 
ive. 8с 4-403-802-3010, 


T (c1) (865—48— 464-1) —-0. 


[2 
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Hence as in the Second Method the roots of 
83—48—4c4-1—0 


are os 5 E d 25 
соз 7, cos 77, and cos 7. 


41. From the a o article we can ee an equation giving 
a37 


a» sec? ED and сг 7 
In equation (6) of that article put Ate „ and thereforex=—-. It 
p J у 
then follows that the quantities 
aT secti 5r 
sect 5, sec 7» and sec? 7 
are the roots of the equation 
1 4 
тст See =O, 
ور‎ > y Н 
or, on rationalizing, 
22—24у2--803—64=0 ............ WTE (1). 
Again, putting y= 1 ta then, since sec? 0=1 + tan? 6, it follows that 


tan? P tan? E and tan? - 
are the roots of the equation 
(1+ 2)3— 24(1 + 2)?-+80(1-- 2) — 64 —0, 
ie. z3—21234-352—7 —0........... iere (2) 
The equation (2) may be easily obtained directly. 
For, if 0 stand for either of the angles 
п (09 Зи, ir Башт 
E TE VIE TS 17 
then tan 70—0, 
ie. by Art. 30, 


апат, 


71—C, . 8450; Ct =0, 


on (—21624-350— 71—0, 

A {б—2и--35в—7}=0 Ls 0 
But 

tan я=0), tan = :=—tan P n = — and tant tanc. 
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The roots of (3) are therefore 


т 3r Sr 
0, + бап 7, + tan anditan У. 


Hence, putting (= 2, the quantities 
are the roots of (2). 


EXAMPLES. VI. 


1. Prove that 


ТЕТЕ ТЕС 


=x'+2x8—29-2x+ 1, 
2. Prove that the roots of the equation 


8x3--4x1—4x—1—0 are cos = соз 2: and cos m 


3. Prove that sin de sin T and sin E: are the roots of the equa- 
Чоп z'— Ут ap У? 
Prove that 
1 1 1 
4. SSS =1. 
4— sect T 4— sect E: 4— sect E 
27 3r 4s 19 
» 4 4 end = 
5. cos + cos gto 9 T-cos! — 9= 16 


6. sect 7+sect 74 sect З sect 7-1120. 


m 3r 7т 9; 1 
7. сез y] FCOS TT bens Fy +008 77 +cos r= 1, 


8. Form the equation whose roots are 


2т 3r 4т 5л 
tan? jp tant jr an" ip ‘ап* 


[Commence with equation (3) of Art. ЗОЛ 


[Exs. VI.] EXAMPLES, 53 


Prove that 

| 9. co ^d pee T cot? li SN сон Eton oF 15. 
10. sec а eit T sect TT + sect T т tee з 57 60. 
11. cos 27 T +cos бя соз 8 за 

12. cos 107 cos ou. as ae 

13, 137 1 


соз те ы 15 t S D T pcos ~ 15 == 


14. Prove that sin a is a root of the equation 


64x°—80x4+ 2452—10. 


` CHAPTER JV. 


SXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 
AND OF POWERS OF SINES AND COSINES. 


[On a first reading of the subject the student is re- 


commended to omit from the beginning of Art. 48 to 
the end of the chapter.] 


42. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to cx- 
press cosines aud sines of multiple angles in terms ol powers 
of cosines and sines. 

Throughout the chapter n denotes a positive integer. 


43. Let x=cos 0+-i sin 0, so that 


1 1 __ cos0—isin Ө — EHE 
x cos Ofisin 0  cosü-psins 795—153 0. 
Hence xl =2 cos 6, 
1 amm 
and х— — —:2isin 6. 


x 
Also, by Dc Moivre's Theorem, we have 
x" — cos nO--1 sin n6, 


1 J 
and -a =cos nĝ—i sin n6, 
x 
1 
so that a+ E =2 cos лб, 
1 


and 2 =2isin nð 


EXPANSION OF Gos” f. 5 


44. То expand cos" 8 in а series of cosines of multiples of 
0, n being a positive integer. 


From the previous article we have 


1 п 
(2 cos 8)" — (+ 1) 


=x tnx ui mead) К TI 
—1 T 
= pa gma tre L ix 
=x nme 4 د‎ а = xr. 
n(n—1) T 1 1 
а= = ga КЛ С gat aooe (1). 


Taking together the first and last of these terms, the 
second and next to last, and so on, we have 


(2 cos 8)" — (ei DE (s 


But by the last article wc have 


w+ m2 cos пб, a24 ‚ =2 cos (n—2)6, . 


Hence 
2" cos" 0—2 cos п6--п. 2 cos (п--2)8 
= . 2 соз (n—4)04- 
ie. 021—1 coş" 0=cos п0--п cos or 2)0 


4, ee = Жл eae jy le MOM 


If n be odd, there are an even number of terms on the 
right-hand side of (1), so that the terms take together in 
pairs and the last term contains cos б. 
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ifn be even, there are an odd number of terms on the 
right-hand side of (1), so that after all the possible pairs 
have been taken there is a term left not containing x, 
This term will, when divided by 2, form the last term on 
the right-hand of (2). 


Tt could easily be shewn that the last term is 


л 
odd, and 1 AB c ИИД 


2 (|njà 
(a) 
45. Ех. 1. Елап eo?! 0 in a series of cosines of multiples of 0, 
We have @ cos Qj (x4 Bi 


1 1 1 1 
=з°--8х°--28х4--56хз--70-1-56 ‘ga +28. yi +8. nt 3 


1 1 1 
e (e 3) +8 (+ EJ +28 (+ =) +56 (e x) +70 
=2 .cos 8048.2 cos 60--28 . 2 cos 404-56 . 2 cos 20+70, 
*. 2" cos? @=cos 80--8 cos 604-28 соз 404-56 cos 20--35, 
Ex. 2. Expand cos? 0 in a Series of cosines of multiples of 0. 
7 
We have (2 cos 0)? = (+ 3) 


=х'+7.-1214--35х--35 dan а+? Т 
= (+ >) +7 (=+ 3) +21 (=+ 3) +35 (e 1 


2 соз 0, 

35 соз 9, 

н г E ries of cosines Or sines oj 
multiples of 0 according as n is an even or odd integer, | 


isin goal 
x 


so that 2F in signg. (-1y 
x, 
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Case I. Let л be even, so that the last term in the 
expansion is 
n 
+4, and й=(—1)%. 
The equation (1) is therefore 


2n(—]) E sind neri lee e. 1 
= ЕК о ee 


= (e+ 8) nett [n 


=2. cos n@—n. 2 cos (n—2)0+ ws 22 . 2 cos (n—4)6 


as in Art. 44. АУР 
*, 2-1( — 1)? sin" @=cos nO—n cos (n—2)0 
Ut nae T cos (05 o2 d o (3). 
Since n is even, there are an odd number of terms in 
(2), so that there will be a middle term which does not 


contain x. This term, on being divided by 2, will be the 
last term in equation (3). 


This last term could easily be shewn to bel 3G 52 TF 


Case II. Let n be odd, so that the last term in the 
*xpansion (1) will be 


1, and =i. 0—0) T 
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The equation (1) then becomes 


= 
оп. (1) ° . sin” @=x"— MS pem ERO, B 
п(п—1 1 1 1 
5-5 = То ier a FA ° зл — ui 
= oles 1) 2@=1) 1 
(==) „(= aue MW (== zu. 


Now, by Art. 43, x” — i-a sin лд, 


xti == =2i sin (n—2)0, 


Hence (4) becomes 
EI 
2^,i.(—1) 2 sin" 0—2isin n8—n . 2isin (n—2) 0 
—l) 5. 
=й * 2isin (п—4)0—..., 


=L 
so that ЖЫП с 2 sin" 0 


=sin пб—л sin (n—2) gy Ste) ا‎ йд (п—4)9— 


otn 5 
Since n is in this case odd, there are an even ume 
of terms in (4), so that (4) can be divided into pairs of 
terms, and there is no middle term. The last term in (5) 
therefore contains sin 6. 


n— 
This last term could easily be shewn to be (—1) ? - 


к=" b. = 


E т 
47. Ex. 1. Expand sin 0 in a series of cosines of multiples of 0. 
We have 2% sin? 0= (- y 
x 


=х%—6х“©. 3. 90. 22! 1 1 
#—Gxt4 15820415 ° 5-6-5 44, 
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: 1 1 йү, 
so hat —2° sint б= (0 =) —6{ +) +15 (te „)—20 
==2 соз 60—6 . 2 cos 404-15 . 2 cos 20—20. 

—2* sin? 0=cos 60—6 cos 404-15 соз 20—10. 

Ex. 2. Expand sin? 0 in a series of sines of multiples of 0. 
7 
We have 2777 sin? 0= (- 3) 

x 


7 1 1 1 1 
=х1—7х?--21х#—35х-+-35 sal wt avum 


xt 


1 1 1 г 1 
Pe [on sg Ж, арый scm a). 
(*- 3) (*- 3) e (97 3) 75 (7) 
—2!.i.sin! 0—2isin 70—7 .2isin 504-21 . 2i sin 30—35 . 2i sin 0. 
2. —25 sin" 0—sin 70—7 sin 50--21 sin 38—35 sin 0. 


Ex. 3. Expand соз” Ө sin? 0 in a series of sines of multiples of 0. 
We have 


2: cos = (=+ 1), and 2'i'«sin? 0= (- j- 
Hence 213, i” . cos* 0 зіп? 0= ( xi— E (= y 


= [5+0 jd +®- a] [2-24 B 


(6-48: 


(2-5) н(е 5) 
+5 («+ 4) -20( «— 4) 
Hence, as before, we have 


— 211 cos @sin? 0 =зіп 128—2 sin 100—4 sin 80+ 10 sin 604-5 sin 49 
—20 sin 26. 


EXAMPLES. УП. / 
Prove that 
1. sinî 0= Д. [sin 50—5 sin 30+ 10 sin б]. 


23 cosi 8 gig [cos 90+9 cos 70-36 cos 504-84 cos 30+ 126 cos 0]. 
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3. cos? 0= 


е [соз 1004-10 cos 804-45 cos 60+120 cos 40+210 cos 20+ 126]. 
512 


4 sin? 0= im [cos 80—8 cos 66428 cos 40—56 cos 20+ 35). 


5. sin? 0= zis [sin 90—9 sin 704.36 sin 56—84 sin 30.1126 sin @]. 


6. 25 sin‘ 0 cos! @=cos 60—2 cos 40— cos 20+2. 


З sin 50+sin 30+5 sin 0. 
sin?@ cos 0=sin 110+5 sin 904-7 sin 70—5 sin 50—22 sin 30 


— 14 sin 0. 


7. 2'sin* 0 cos! O=sin 79— 
8. —20 


0 
inn. 3 
**49. To express T in a series of descending powers 
of cos 0. 


If x be <1, we have 
п 0 4 " 
IDA n =sin 04-х sin 20+3 sin 30-.... 
+51 sin nO}... adit . sees (1). 
This may be shewn by multiplying each side by 
1—2x cos 0--x2, 
when it will be fond that the right-hand member wil] 
reduce to sin б. 
A more rigorous proof will be found in 
Equating coefficients of x“ in (1), we 
sin пб 
sin 8 


Chap. VIII. 
have 


=coefficient of 7-1 in [19x Cos 04 xe] 


= coefficient of x1 in [1—x 
— coefficient of x1 in 
1+x(2 cos 0—х) --x*(2 cos Өзу 
37-9 (2 cos 6—2)"-3--3-2(2 cos 0—х)л-а 
+2 cos 9—z)"14 (2 cos x), 


(2 соз 6—3)]1 


SIN пд 
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Now coefficient of 
Х=1 in x*-1(2 cos 0—x)"71—(2 cos 6)", 
coefficient of 377 in — x^? (2 cos — х)" 
—coefficient of x in (2 cos —х)"-° 
= — (n—2) (2 cos 6)", 
coefficient of x^71 in 37-3? (2 cos 0—2)"73 
=coefficient of x? in (2 cos 0—x)^7* 


= mE (2 cos 0)"-5, 


and so on. 


Hence, from (2), picking out in this manner all the 
coefficients of 371, we have 

sin nô 

sin 0 


—(2 cos 0)"71— (n—2) (2 cos 0)^-9 


ar ==. (2 cos 0)7-5 


== шеле (2 cos 0)"=7+ 


п-1 
If n be odd, the last term could be proved to be(—1) 2 ; ifn be even, 


n 
3-1 
it could be shewn to be (—1)? (n cos б). 


**49, То express cos nO in a series of descending powers 
nf cos 0. 
If x be 1, we have 
[EG EDS —14-2x cos 0-I-2x? cos 20-23? cos 30+... 
...+2x*" cos n0-E...ad inf. ...... (1). 
This may be shewn by multiplying both sides by 
1 —2x cos 04-x*, 
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when it will be found tha 


t all the terms on the right-hand 
side will reduce to 1—2, 


A more rigorous Proof will be foun 


Equating Coefficients of хл on the two sides of (1), we 
have 


d in Chap. VIIT. 


2 cos n8=coefficient of a" in (142) [9% cos --xt]31 


=coefficient of x" — coefficient of 7-2 in 


[1—х(2 cos 0—х)]-1 
of 7-2 in 

+x?(2 cos O—~x)24 

2 cos 8—x)naà 


=coefficient Of x" —coefficiant 
1+x(2 cos 6—) 
+++ +2722 cos —x)r2 + nit 


+2" (2 cos 9—x)n 1+1 (2 cos Ө—х)уп+1 4 shag 


Picking out the required Coefficients as in the last 
article, Starting with the term 


x" (2 cos 6—3x)n, 
we have 2 cos n0 


=(2 cos 8)"—(n—1)(2 cos g)n-s.,. (n~2)(n—g 


I9 (2 соз@)л—1 
_ (n—3) eID) (2 cos 8)n-e.,. 


— [e cos 6)77?— (n—3) (2 cos 8)n-« 
(n—4) (n—5) 
Бла 


ОТ? 0 ова | 
= (2cos 0)"—n(2cosg)n-a.,. [969 e аја 


—3)(n—4)(n—5 (n—4)(n—5 
“|> 190-9) е ] 


(cos бул-в 


COS лб IN DESCENDING POWERS OF COS 6. 63 
so that, дпаПу, 
n(n—3) 
2 cos п = (2 cos 6)"—n(2 cos 0)3 TD (2 cos 8)n-« 


—4) (n—5 
E (2 соз 8)-9 ... ...... (2). 
The last term could be shewn to be 


л 
(=) +n. (2 соз 6) ог (-C1)3 .2 
according аз л із odd or even. 


**50. To expand аш a in а series of ascending powers 
of cos 0. 
As in Art. 48, we have 
is coeficient of "71 in [1—2x cos 0x1] 


coefficient of х7-1 in [1--x(x—2 cos 6)]-1 
=coefficient of x71 in 
1—x(x—2 cos @)--х%(х—2 cos ON 
+(— 1)" x (x—2 cos 0)" +... ...(1). 


Case I. Letn be odd, so that (n—1) is even. 
The lowest term in (1) which gives any coefficient of 
“lis then that for which 


_ n=l 
=> 
Hence, in this case, 
zm Und. БЕШИ of 3771 in 1 —x(x—2 cos 0) 4-... 
sin 6 
na n-i n+l n+l nel 
c(—1)? x? (x—2 cos E e Bee (х—2со50) 3 
п+з n+3 
+(—1) # x? (x2 cos 6) S e vaa. 


-(—1)3 MET A cos 60)%14 ЕЕ" 
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Picking out the required coefficients as in Art. 48, we 
have 
n+l n—l 
sin лб ZI "н | 797 om 
ing ) De Y | Сауу 
n+3 n+l n—l „п—3 
te. 123,2 2:20 
TEDE CTI (—2 cos 0)4... 


+ (2 cos 6)"-1, 
Hence, finally, when n is odd, we have 


n-i 
2 


CD REISE cate i-i (et dy 
Se ر‎ Cost g Ene ne F 
n-i 
HD (2 соз беч, (2). 


Case Ш. Letn be even, so that n=] is odd. 
The lowest term in (1 


) which gives any coefficient of 
3771 is then that for which 


n 
r= 5 
Hence, in this case, 
Чал coefficient ОГ in 1—x(2—2 cos O)... 
sin 


Ha سیم‎ cos RIF dn او ہے و‎ 


DET NN 
r(—1) x*"1(x—2 cos giu ou. 


sin nô 
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Picking out the required coefficients, we have 


sin лб nan 
sin 6 mU 2 c1 со 
л п n. 
r G) 
+(—1)#** AS (—2 cos 8)? 


+) у (eye) (—2 cos6)§ 


Жы йз Aai -r (2 cos @) 1. 
Hence, finally, when л is even, we have 
^ E 
_ py sin n0 
(е) sin @ 


2__92 2. 02 2. 42 
=n cos 0— ges cos? оше Qon) cos? @ 


ES mm (2 cos 0)71........... (8). 


N.B. It will be noted that equations (2) and (3) of this article are 
simply the series of Art. 48 written backwards. This is clear from the 
method of proof, or the statement could be easily verified independently. 


**5], To expand cos пб in a series of ascending powers 
of cos 0. 
As in Art. 49, we have 
2 cos n6=coefficient of х1 — coefficient of x"? in 
(1—2x cos 8--42)-- 
| =coefficient of x"—coefficient of x*~ in 
1 —x(x—2 cos 0) 4-x*(x—2 cos 0)2—..... 
-p(—1) (6—2 cos 0)"... ...(1), 
i as in Art. 49. 
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Casel Letnbe odd, so that n— 1 is even. 


The lowest term in (1) which will give anv of the 
coefficients we want is that for which 


ші 
7 
Hence 2 cos n8=coefficient of x"—coefficient of хл-1 
in 
TUR сез! 
1—x(x—2 cos 0)2-...--(—1) 3 x2 (x—2 cos 6) € 
п+ї on +1 п+з n+3 п+з 
Ша, 2 x? (x—2 cos 8)? +(—1)2 уа. (x—2 cos) 2 
+... + EC)" ая (x—2 cos gna De 


ара (—2 cos 6) | 


T nil .n—l n—3 
1+1 1 MO 3 TDES 
+(=1)? | د‎ cos 2 72 —(—2 созбуз 


Ir2ws 


5 
B RERO un TT 
Тр ~ (—2 cos s 
RES +(2 cos 0)", 


'. (—1) 7. 2 cos n8 
cost [(n—1) (4:1) ED 


i$ ояи. 3)4- (n+ 3)] 
„ (28) (п- о )(n—3) 
E 


TI) costé[(n—5)  (04-5)]4.... 


+(—у (2 cos бут 
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Hence, finally, when n is odd, 


я-1 
(—1)? cos n6 


п(п#— 1) 
3 


cos 0+ аш 


=n соз 6 ae 


Case IL Letn be even. 
The lowest term in (1) which will give any or th 
required coefficients in that for which 


т=——— 


7 
Hence we have 
2 cos n@==coefficient of x"—coefficient. of x77? in 


па па п-2 
Br cos рЫ 20323 SE cos 6) ? 


- | or 
=(—1) 3 [—1]+(—1)?] 1— 1:2 (—2 cos 0)? 


n2 Ex: 


+(=1) ? | 45 (—2 cs 6? 


m 
Lori eL ses y Paid 
2 = 2 (—2 cos 0) 


92/9314 


P. T. 11-4 
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р п4-2 n n—2 


Sea PI ADE 
— shy 9 dns 4 
кор resp 2 8) 
EET n RC ndun 
Б РУГУ БУ] an 2 (2 68 
О TEE ен) +(2 cos 0)” 
n 
^. (—1)2. 2 cos n0 
cos? @ 


=[14+1]— [n(n—2) --(п-1-2) .n] 
+ n2) (2 (0—4) + (n-4) (n-2).n.(n—2)] 


n 
АА лорд wins SO +(=1)?. (2 cos 0)". 
Hence, finally, when n is even, 


(—1# cos nf =1— ' cost 0 Raph 2) 


Я BUR cos! 0 
nt 2. 92 2. 42) 
E е 23) cos 04... 


n 
E(—1)8 2771 cogn g 
N.B. As before, the equations (2) and (3) of this article are only 


the series (2) of Art. 49 written backwards, 


**52. From equation (2) of Art, 


; 50 and equation (2) 
of Art. 51 we have, if n be odd, 


"fhinaó 2—18 (D) gig 
(—1) PT TUE cathe a шыу у 
euo es) CO 


n-i 
+(—1) # (2 cos була (1). 
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= n(n? — 1°) 
and (—1) ? cos n6—n cos 0— TE cos? 0 


(п2— 12) (n2— 32) д 
a 2 cos @+...... +(—1) ? 2*1 cos" 0 
win (2) s 
In these equations change 0 into 5— — 8, and therefore 


cos @ into sin 6. 


Then sin n0 will become 
п-1 


зіп (= —n6 ) ie. (—1) 2 cos n6, 
and cos n0 will become 


es(— nt), ie. (<1) in n0. 


On making these substitutions we shall have, if n be 
odd, 


Ó5—1*. (n?— 1°) (2 — 3?) 
созлӣ =со5 0 5 1— 55108 0 a a бИ Oe. i 
2 E 
C Sb e ; 
(С .2n-Xismtt ay э (3). 
апа 
nn?— 1?) . n(n?— 1°) (n?—3?) . 
sin пб=:п sin 0— ES ) sin? ELA: ) sind @ 
|3 
> rr 2 
paesd(—1) € 273 sinh 8...... (4) 


**53. Again from equation (3) of Art. 50 and equa- 
tion (3) of Art. 51 we have, if n be even, 
пы їплӨ _ __n(n?—2?) 
(—1)% ^a Ө Cos 0 TT 
— 42 п 
eo 48) соз Өз......-„(—1)#+1(2 созбу 


cos? @ 
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and 
n 2 2 2 oy 
(=1)? cos n0—1 -p cos? +”) cost g—...... 
P n 
+(—1) 2'cos) (2). 
In these equations change 6 into 5 — 60, and therefore 


cos Û into sin 0. 
Then sin n6 will become 
n 
sin (5-м), Le (—1)itlsin nð, 
and cos nô will become 
n 
cos (2-9). Le. (— 1)# cos n6. 


On making these Substitutions we have, if n be even, | 


sin nó —nsin 9— 222) sin "бЁ—2°)(м— у sinê @, | 
соз @ 3 [5 5 
n 
tC Dg! (2 sin фа, Ў 
апа 


2 2(n2—92) — 
cosnü—1— p" 84-2 ( ) sine 6 


n 
+...... (—1) 22-15 д 


**54, Equations (1) and (2) of Art. 52 and equa. | 
tions (1) and (2) of Art. 53 give the expansions of sin n0 ' 
and cos nô in ascending powers of cos 6 for the Cases when у 
is even or odd. Equations (3) and (4) of the same two | 
articles give the expansions of the same two quantities in ` 


terms of sin б. 
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EXAMPLES. УШ. 


1. sin 70—7 sin 0—56 sin? 0+112 sin 0—64 sin 6. 

2. cos 70=G+4 соз? 8—112 cos 84-56 cos! 0—7 cos 0 

3. sin 8 n 6[128 cos 8—192 cos: 0--30 cos? 0—8 cos in. 
4. cos 00—1—32 sin? 0--160 sint 8—256 sin" 02128 sin? 0. 

5. sin 90—sin 0[256 cos* 0— 448 cos? 0+240 cost 0—40 cost 0 +1} 
6. Express cos 60 in terms of cos @ only and verify for the cases 


0= $ 0= 
respectively. 
7. Prove the algebraic identity 
png (p+ qnot "1 5 (ртр Tes 
Deduce that 
2 cos n0 -- (2 cos 8)”—n(2 cos 0)n7*-- JE d (2 cos 0)n-*—.... 


**55, Ex. Find the value of 
sec 04- sec (0+2 z) + 9+ Ы ++... fo n terms. 


sect 0-- sect (0+ 22) неа 0+ 5) +... 10 n terms. 
From equations (2) and (3) of Art. 51, we know that 


ee Muni єс Ma (=I) E aee 
А „=l 
EN cos E T APE 


when n is odd, 

and that 

nta 1102—29) a _ 1) 2-1 ote (— D cos лё......(2 
a eee e uus CH) n0... ...(2), 
when n is even, 

where in each scries c stands for cos б. 
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If cos n8 be now given, the 


equations (1) and (2) give cos б, 
But siace 


соз n0—cos (л04- 2n) =cos (104-41) 


these equations would also give 

(ee y nee) 
in each Case, the roots are 
MCN. 
In (1) and (2) put c=! an 


5 d multiply by уп, 
We have then the equations 


Hence, 


y to n terms, 


п-1 
(1) T cos nüx ynn» yn 2558 iim... (5) 
when n is odd, 5 
n n 
ad [р 3e no~ 1]; Zo ..=0..., 


when n is even, 


The roots of these equations are Tespectively 


Sec 6, sec (0+ T. sec (0+ 7. GI 
Call these 


"Then 
Jic «nsum of the Toots 


Ji Ji vees Ine 


E 
EE 


Fim =(—1) 3 necend, when nig odd 
(—1) 3 cos no 
and =0, when n is even, 
Also 
ACER Eo EPOR E) 2 ty. i) 
E 3 =n" sec! n0, when n is odd, 
соз E 
2 т 
and DES AME CELL EUR 
(—1) #созлб—1 1—(—1) eg ng 
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EXAMPLES. IX. 
Find the value of 


1. cos 0 cos (0+ х) cos (e a уа 


2. sin Ө sin (0+ za) sin (0+ * a 


3. cosec* 0+ cosec® (0+ 2 -F соѕес? (a+ =) eee to n terms. 


4. (ап? 04-ќап? (+ =) + tan? (a+ =) “Ж. to n terms. 


[For the following 5 questions commence with equation (5) of Art. 
80.] 


5. tan 0+ tan (a+ 3) +tan (e+ 2 ...... to n terms. 


6. cot 0+ cot (0+ 7) + cot (e 2 ses tO п terms. 


.. to n factors. 


7. tan 6 tan (o+ 7) tan (e+ 2) E 


8. tan" 0-Ftan! (0+2)+tant (02) eee to n terms. 


9. Ifn be odd, prove that S=3C=n*—1, where 
T 2т 3r 
S=sec® - -sec* — {sec `— +...... to n—] terms, 
n n n 


and С==соѕес? 7 +-cosec* 8 | cosect n ...... to п—1 terms. 
n 


10. Find the sum of the products, taken two at a time, of expressions 


of the form sec (0+), where r has all values from zero to n—1. 


— __— 


Note. When the Student has become acquainted with the later 
chapters, he will find that the results of Arts. 49 and 51 are rather 
more easily obtained by starting with the expansion of Art. 110, so 
that 2 cos nð 

n 
=coefficient of x^ in the expansion of —lor [1—x(2 cos @—х)]. 


CHAPTER у. 


EXPONENTIAL SERIES FOR COMPLEX QUANTITIES, 
CIRCULAR FUNCTIONS FOR COMPLEX ANGLES, 
HYPERBOLIC FUNCTIONS, 


56. WHEN x is а Teal quantity we have proved in 
Art. 5 that 


рна inf. 


Уржа б, (1). 


When x is not real but is complex 


» ie of the form 
a+bV —1, the expression ех has no 


meaning at present. 
Let us so define it that for all values of » (whether 
real or complex) it shall mean the series 


х g ; 
atte + ad inf, 


57. We can easily snew 


that this serics jg ‘convergent 
when x is complex, 


For let =r(cos 04+ 4/—1 sin 0). 
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Then «= N m ad inf. 
—1--r(cos 0i sin 6) + Pe 
, aonseo E af 
=l +r cos 0+ E T 520 | cos 30 ны PERS 
r? sin 20 sin 30 
Val [s 0--—19 2 P LESE s] 
The quantity 
14-7 cos 0+ cos Qus cos 30+...... ad inf. 
is <1 nm 2 saa |з ЕЗ e ad inf. 


and is therefore convergent since this series is convergent 
for all real values ofr. (Art. 6.) 
Similarly the angy 
r sin 0+ Ё sin 20+...... 
їз convergent. 
Hence the series for e* is always convergent. 


58. When x is a complex quantity the quantity e* 
is then a short way of writing 


2 تر‎ 
l-Fxd- B tis 585 
Unless x be real, the e in &* ЕР not mean the series 


1+1+ ++ ые 
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When x is complex, ех stan 
as that series which, when 
be equal to 


ds for a series of the same Jorm 
x is real, has been proved to 


1 1 e 
(repens. 


the expressions E(x) and exp (x) are sometimes used. 


59. By a proof similar to tha. 
Algebra, it may be shewn that 


e (= ,را‎ 


Instead of ex 
t of Art. 304, С. Smith’s 


whether x and J. be real or complex quantities, so that 
the functions ех and & obey a law of the Same form as 
the index law, 


60. If x be put qual to 61, where @ is real, we 
then have 


—cos 04-1 sin 9, 
€ 6i—cos 0—i sin 0. 
Hence, by addition, we have 


(Arts. 32 and 33.) 
So 


0i 4 ei 
cos б= ee, 
and, by subtraction, 
ei — ebi 
sung -——" 


2i 


COMPLEX QUANTITIES. CIRCULAR FUNCTIONS. .7 
Circular functions of complex angles. 


61. When x is a complex quantity, the functions 
sin x and cos x have at present no meaning. 

For real values of x we have already shewn in Arts. 
32 and 33 that 


Es x ‘ 
sin x—x— B +Б- ES ass ad inf. 

ХЭТ х5 8 Е 

di =| 4 et 5 
ап cos х= 1 ata 161 ad inf. 


Let us define sin x and cus x, when x is complex, 
so that these relations may always be true, te. for all 
values of x let 


Я TENE 
sin x—x— BtB I EE (1), 
PIN ND d 
and Cose i + +B ога EES (2). 


When # is complex, the quantities sin х and cos x are 
then only short ways of writing the series on the right-hand 
sides of (1) and (2). 

62. We have then, for all values of x, real or 
complex, 


TED MES 
cos x-l-i sin x—14-xi— B- Bk AO 


(xi)? (x)? | Got 
Se tea ана. 


(Art. 56, 


==exi, 
So cos x—i sin х= х. 
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Hence for all values of x, real or complex, we have 


e. qui 
Ж: 
These results are known аз Euler’s Exponential Value: 


exi Lec 


cos x— 2 3 and sin x= 


63. We can now sh: 
traction Theorems hold 
whether x be real or com 


ew that the Addition and Sub 


for imaginary angles, i.e. that, 
plex, then 


sin (x+y) —sin x COS y-1-cos x si 


ny, 
Cos (x+y) —cos x cos y—sin x sin y, 
sin (х—)) sin x COS y—Ccos x sin y, 
and Cos (x—y) —cos x Cos )-Fsin x sin y, 
Since 
cos x еі and sin x= rs 
2i 
we have 


Sin x cos y- cos x sin y 


— — eb суі yi £i | exi inezi 
TER Pd сш 


2i 
ei, дей eri- о, =. {ЧУ — txt; 
[= 2 (Art. 59) 
sin (x+y). 


Similarly the other results may be proved, 


64. It follows that all 


ve been 
proved for real angles and which are founded on the 
Addition and Subtraction Theorems are also true when 
we substitute for the real angle any complex quantity 


For exaraple, since 


Cos 30—4 cos? 9—5 соз б. 
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where @ is real; it follows that 
cos 3 (x--yi) =4 cos? (x-4-yi) —3 cos (x+yi). 
Again, since, by De Moivre's Theorem, we know that 
cos nÓ-|-i sin n6 


| 


is always one of the values of 
(cos 0+i sin 4)", 
when @ is real and л has any value, it follows that 
cos n(x-+yi) +i sin n(x+yi) 
is always one of the values of 
[cos (x-+yi) +i sin (x+yi)]". 


65. Periods of complex circular fanctions. In 
equations (1) and (2) of Art. 63 let x be complex and let 
J—27. 

Then sin (x--27) —sin x cos 2z-- cos x sin 27 

=sin x, 
and cos (x4-27) —cos x cos 27—sin x sin 2л 


=cos x. 


Hence sin x and cos x both remain the same when x 
is increased by 27. Similarly they will remain the same 
when х is increased by 

427101, ES 2n. 


Hence, when x is complex, the expressions sin x and 
Cos x are periodic functions whose period is 27. 
This corresponds with the results we have already 
found for real angles. (Art. 61, Part I.) 
! 
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EXAMPLES, Х. 


езі iezi Е 
Assuming that cos x= and sin x— 3 prove that, for 
all values of x and J, real or complex, 

1. cos X-Fsin? x=], 
3. 


2. cos (—х) cos x. 
sin х) — —sin x. 4. cos2x—cos! x—sin? x=1—2 sin?» 


—x 
5. sin 3x=3 sin x— sin? x. 6. cosx—cos y=2 sin F1 27, 


2 
7. sin x—sin y=2 cos *1 sin ^—7 


sin ==.‏ حو 


2 
Prove thar 

8. (sin (a+ OJ i sin б}л уц» anhi, 
9. sin (a-+n0)—eai sin nÜ—e7nÜi sin a, 
10. (sin (a— 0) tetai sin ys insi 2(sin (a—n6)-Lefai sin n8). 


66. In the formula of Art. 


62 ifx bea pure imaginary 
quantity and equal to yi, we have, since 


and 


eJi-i —e-i«i 
Heer te 
2i 

e— eS 
3—- 


sin yi= 


=i 


67. Hyperbolic Functions, 


Def, 


The quantity 
eY—e-y 
2 3 
whether y be real or complex, is called the hyperbolic 
sine of y and is written sinh у, 
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Similarly the quantity 
еу еу 
2 
is called the hyperbolic cosine of у and is written 
cosh y. 
[It will be observed that the values of sinh у and cosh у are obtained 


from the exponential expressions for зіп y and cos y by simply omitting 
the i’s.] 


The hyperbolic tangent, secant, cosecant, and cotangent 
are obtained from the hyperbolic sine and cosine just as 
the ordinary tangent, secant, cosecant, and cotangent are 
obtained from the ordinary sine and cosine. 


sinh oe 
Thus tanh y= cane — e 


1 2 


соевое sinh у TIZI} 
1 2 
و‎ coshy @+e2? 
| 1 ee» 
and cothy = ане LEER. 


The hyperbolic cosine and sine have the same relation 
to the curve called the rectangular hyperbola that the 
ordinary circular cosine and sine have to the circle. Hence 
the use of the word hyperbolic. 


68. From Arts. 66 and 67 we clearly have 
cos (yi) =cosh y, 
and sin (yi) —i sinh y. 
tan (yi) =i tanh y. 


EE 
1.5 


TRIGONOMETRY. 


69. Corresponding to most general trigonomctrical 
Гога involving the ratios of angles there are formule 
involving the hyperbolic ratios, 

Fer cxample, we have, for all values of the angle x, 

cos? x4+-sin? x= 1, 
Cos? ( yi) --sin? Gi) 21, 
and hence, by the last article, 


so that 


cosh? y —sinh? y=], 
[This may be deduced independently from the definition of the 
hyperbolic functions. For 
—sinh! y= [031-6772 — fev—e-y\2 
какыра шй) 
e. E XS 
А + b a. 20 Е 


Again, for all values of u and v we have 


sin (u-+v)=sin u COS v+cos и sin р. 


Put u=xi and U—yi, 


‚о that 
Ма [(3-:5)i] —sin (xi) cos (yi 
The expressions of the last ar 


i sinh (x 42): 


) -- cos (xi) sin (yi), 
ticle then give 
+i sinh x cosh J+cosh xx i sinh PA 
Л sinh (x+y) =sinh x cosh у--созһ x sinh y. 
{Directly from the definition of the hyperbolic Tatios we have 
sinh x cosh y+ cosh x sinh y 
REE LES ерехе у 2ел+у_2,-(»+уу 
г? ARI um IA Ба» 


on multiplication, —sinh (x4-).] 
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Again, for all values of 6, we have 
3 tan 0—tan? 0 
E STOTT Te 
Put then 6—xi, and we have 
^ _ 3 tan (si) —tan? (xi) 
Win (Si sns CR 
Hence the substitutions of Art. 314 give 
3i tanh x—i? tanh? x 
1—3: tanh? x 
__ Si tanh x+i tanh? x 
143 tanh?x ? 
tanh x+tanh® x 
1+3 tanh? x ` 
As before, this may be easily proved from the definition 
of tanh x, 


i tanh (3x) = 


so that tanh (3x) —3 


70. In general it follows from (1) of Art. 68 that any 
Beneral formula which is true for cosines of angles is also 
true if instead of cos we read cosh. 

From (2) of the same article, since 

sin? (yi) =—sinh? y, 
it follows that any general formula involving the cosine 
and square of the sine of an angle is true if for cos we 
Tead cosh and for sin? we read —sinh?. 

Similarly from (3) we may turn: a formula involving 
tan? into another by writing for tan? the quantity —tanh? 

In this manner formule and series involving the 
hyperbolic functions may be obtained from 27, 28, 30, 44, 
46, and 48—53 and also from Part L, Arts. 241 and 242, 
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71 From the values in Art. 67 it follows, by Art. 56: 
that 
cosh x=} (е-е) 


sinh x= 5 [e—e*] 


д xb x 
Lx B Hu [5 + 7 СЕБЕБ 
These are the expansional values of cosh x and sinh x. 


*72. Periods of the hyperbolic functions, 
For all values of б, real or complex, we have cos Qi—cosh 0. 
Hence 
cosh (x+y!) —cos {(x+yi)i}=cos (xy) cos [-2zxi—y] (Art. 65) 
=cos [(2ri+ x+ yi)i] совы ritxi] 
= (similarly) cosh [4ri}x4yi]= 


Hence the hyperbolic cosine is periodic, 
and equal to 2i. 


its period being imaginary 
Again, since sinh 0= —; sin ĝi, we have 
sinh (24i) = — sin {(x+yi)i} — —i sin bi-] 
=—isin [-2--xi—] i sin 
=sinh лау, 
so that the period of sinh (x+-yi) is 2i, 
Similarly it may be shewn that the period of tanh 


The hyperbolic functions therefore differ from the 
in having no real period; their period is imag; ‚ 


(six yi 


(хуй) is mi. 
Circular function* 


73. Ex. 1. 


Separate into its real and imaginary parts the expression 
sin (a+ 8i\ 
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Wehave sin (eines а cos Bi+-cos a sin Bi 


mmo) 
e+e =e 
=sin لي‎ e — a CON a 2i 
Ad 3 е-е) 


=sin a —,;— +i соз а 
== зіп a cosh B+ cos a sinh В. 


Ех. 2, Separate into its real and imaginary parts the expression 
lan (a+ Bi). 
л sin (a4-Bi) 
We have tan (a+fi)= cos (a-t fi) 
_ 2 sin (a+fi)cos (a—i) 
2 cos (a+ Bi)cos (a— ĝi) 
sin 2a--sin 28i 
= соз2а-Есоз 28i 
ے‎ sin 2a+i sinh 28 
cos Za--cosh 2p ` (Art. 68.) 


Aliter. Let tan (a+fi)=*+-,i, so that tan (a—fi)=x—yj, 
х= [ап (a+ fi)+tan (a—fi)] 
sin (a+ i) cos (a— Bi) -- cos (a+ i) sin (a— Bi) 
P ` 2cos(a-Bi).cos(a—Bi) — — — 
sin 2a —_ sinh2a 
= cos2a-Fcos2Bi соз За cosh 2B 


Also y= 1. [tan (a+ĝi)—tan (a—fi)] 
_ 1 sin (a+ fi) cos (a— fi) —cos (a+ fi) sin (a— fi) 


2i cos (a-- Bi) cos (a— i) 
1 . sin28 — sinh 28 
7'iéos2adcos2Bi cos 2a--cosh 2 " 


2a+i sinh 28 
Stan (atA) = T 


Ex. 3. Separate into its real and imaginary parts the expression 
osh (a+ Bi). 
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eet uot 


We have cosh (a4-Bi) = 7 (Art. 67) 
er ерее eh е" (cos В-і зіп B)--e-* (cos B—i sin В) (Art.62) 
E 2 2 


= eile he) ше с) =cos f cosh a+i sin В sinh а. 
Aliter. cosh (a+i)=cosh {(a+i)i} (Art. 68) 

=cos {ai—p} 

=Cos (ai)cos В-Езїп (ai) sin B 

=cosh a cos B--i sinh a sin B. 


EXAMPLES. XI. 
Prove that 
l. cosh2x—14-2 (sinh x)*=2(cosh x) 1, 
2. cosh (a+8)=cosh a cosh B+sinh a sinh В. 
3. cosh (a--Bi) — cosh (а— 8) —2 sinh a sinh В. 


= ‘anh a+- tanh В 
eu COMO TEE atanh f ` 


5. cosh 3x—4 cosh? x—3 Cosh x. 
6. sinh 3x=3 sinh x--4 sinh? x, 
7. sinh (x+y) cosh (x—y)=3(sinh 2x-+sinh 2j). 
8. cosh 2x--cosh 5x-F cosh 8x+cosh 11x 


=4 cosh 138 cosh 3x cob 35. 
9. cosh х--созһ (х--у)--созһ (*4-2y)4 


п. 


15. 
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n(n—1) 


sinh x+n sinh 2x+ SITUE sinh 3x+...... to (n-- 1) terms 


=2" cosh” sinh +1) x: 
sinh f sin aî cosh f cos a=i cos (ай). 
sin 2a--i sinh 28=2 sin (a--iB) cos (a— if). 


соз (a+i8) +i sin (а-Е1В)=е (соз a-+i sin a). 
If tan y—tan a tanh f, and tan z=cot a tanh £, then prove 


that tan (y+ 2) —sinh 28 cosec 2a. 


16. 


If u—log tan (К 2) » prove that tanh 5 =tan $. 


Separate into their real and imaginary parts the quantities 


17. 
19. 


30. 


cos (a+ ĝi). 18. cot (a+ fi). 
cosec (a+fi). 20. sec (a--Bi). 
sinh (a--fi). 22. tanh (a+fi). 
sech (a+i). 

Prove that tan “te = aii 5 


If sin (A+iB) —x4-iy, prove that 
E E ab nap 

сов + sink? BP Sint ad — cora T 

If tan (A+iB) =x+iy, prove that 
харуз +2x cot 24—1, and x*-4-51—2y coth 2B+1=0, 

If sin (0+¢i) =cos a-+i sin a, prove that соз? 0= +sin а, 
If sin (04- di) — P (cos ati sin a), prove that 

p3—4 [cosh 2ф— cos 20] and tar a—tanh ¢ cot б, 
If cos (0+¢i)=R(cos ati sin a), prove that 

sin (0— а) 


Iftaa (0+ gi) =tana-+isec a, prove that e” = --cot 5, and that 


т 


20zng4- 2 +a. 


31. 


If tan}(0-++-¢i)=cos a+i sin a, prove that 


m Bee 
0= + 7, and ф= log tan (3 + 5). 


88 RIGONOMETRY. [Exs. xr" 


32. If A-iB—c tan (++), then 


agp 
33. If tan (0+-¢i)=sin (x+y), then 
coth y sinh 24=cot x sin 29, 
34. Iftan (Hif) —i, а and f being real, prove that а is indeter- 
minate and В is infinite. 
Prove that 


35. (sinh x+sin x) x. Bst ad inf. 


36. К daly 4 ot D ad inf. 


**74. Inverse Circular Functions, When a and 
B are real and а=соз B, we defined, in Art. 237, Part ER 
the inverse cosine of to be that value of B which lies 


between 0 and z, and it Маз pointed out that B was а 
many-valued quantity, 


If now *+-yi=cos (u-I-vi), 
then similarly u+vi is said to be an inverse Cosine of 
x4-yi. 

But since 


x-LEyi-— cos (u-I-vi) — cos art (u-+vi)] 

it follows that 2n (u-++vi) 

x+yi, where n is any integer, 

The inverse cosine of x Ji is hence a many. 

function. When the many-valuedness of the inverse 
cosine is considered it is written 


: (Art. 65) | 
1з also an inverse cosine of 


-valued 


is that value of 2nn-E(u--vi) which is s 
2пт--и or 2пт—и lies between 0 and т, 
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This principal value is denoted by cos? (xii). 
We have then 
cos“) (xyi) =2пт-Есоз 1 (х0). 


**75. Similarly if 
x-yi—sin (u-+vi) —sin {n7+(—1)” (u4-vi)); 

then nz-L-(—l)'(u--wi) is an inverse sine of x+yi. It is 
à many-valued quantity and is denoted by Sin (x-+-y2). 
Its principal value is such that its real part lies between 
—5 апар , and is denoted by sin? (x--ji). 

We then have 

Sint (x-+-yi) =n7-++(— 1)" sin! (x4-yi). 

Similarly tan-! (x-+-yi) and Tan (x-++y%) are defined, 
so that the principal value of Tan (x-+-yi) is such that 
3 п 
its real part lies between = and + 5? and 

Tan (x45) =n7-+tan (xxi). 

Similarlv 

Sec?! (xyi) —2nm-Esec ! (x+y), 
Cosec ! (x+y) =nr+ (—1) cosec4 (xyi), 
and Cotî (x4- yi) nm + cot 1 (xi). 


**76. We shall henceforward use sinl, Sin“, соѕ-1, 
Cos... with the meanings above assigned. 


**77, Inverse hyperbolic functions. If x=cosh y 
then similarly, as in Art. 74, we write y=cosh™ x, 


90 TRIGONOMETRY. 


If x be real, we have 


x= Ley 
9 > 
so that £2) — xey 120° 
апа һепсе = у 
=*£+V2—1 or 


1 
+V 
7. Нор (ху 1). 


The positive value of the right- 
always taken. 


Hence, 
function. 


hand side is the one 


When x is real, cosh-t * is a single-valucd 
Similarly sinh- 


1x and tanh-1 
single-va 


* are defined; they are 
alued functions, when x is 


real, 


**78. If a+Bi=cosh (x-+Lyi), then Ж--уї is said to be an inverse 
hyperbolic cosine of a+fi. 


But cosh (x4-»i) 


lies between — M 1 


**79. Ex. l. Separate into real and im, 
sin“ (cos 0+: sin 8), where 9 

Let sin™ (соз 8+ sin 0) 

зо that соз 0-- sin 0=зіп (x+y) 


ginay parts the quantity 
is real, 


=x+yi, 
=sin x Соз yi+cos x si 
=sin x cosh y4-i cos x sinh у. 


Sin x cosh J=cos 0. 


n yi 


Hence 


and Cos x sinh y—sin 9. 
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Squaring and adding, we have 
1=sin® x cosh? y+ cos? x sinh? y—sin* x(1--sinh? у) + cos! x sinh? у 
—sin? x--sinh? y. 

А sinh? y—cos* x. 


Hence from (2) we have cos? x=sin б, assuming sin 8 to be positive. 


Therefore, since x is to lie between —$ апа + 2 (Art. 75), 


we have cos x= + Vsin б, and hence х= соз! (Уш ô). 


The equation (2) then gives 
sinh y=+ Vsin 8, 


30 that ey—2e V sin 0—1, a quadratic for 27. 
Hence ey — V sin b+ V 1-Fsin б, 
ie. log [Vsin 04- V T+sin 8]. 
Ex. 2. Separale into its real and imaginary parts the quantity 
tan`’ (a+ Bi). 
Let tan”! (a-+fi)=(x+3#), so that tan (x+yi)= a+ $i, 
and tan (x—yi) = a—fi. 


7^ tan 2x—tan {(x+7/) + (x—yi)} 


_ fot pi) + (a- BD. 
1— (a4 Bi) (a— Bi) ' 


1 
E. 2a 
Core tan ара" 
)=гал (x42) = 672] 
(a4- Bi) = (2—0) 2B — 


=i (tpi (afi) Та 


Again tan (2yi 


бэ ed +28 _ (HE, 
“gm = Tra B28 (1—0)? 
(I++? 
somit (02895). 
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Or again (1) gives tanh 2у= Ta: 


1 28 
= -1 
ر‎ 2 tanh E 


тапа Bi) 


so that 


We should have Tan-"(a4 Bi) =n: 


3. sinh x=log (+ Vx), 4. tanh x=sinh71 = 
9. cosh” x=log (Мат), 6. tanh-: х= log Bt 
7. Sin”! (созес јун i (—1) log cot 2. 
eiusm 

* бийс сз Tc eu d d Tan Acor B coth¢) 


When x is a rea] quantity, plot the Braphs of 


10. sinh x and Cosech x, 1L, 


cosh x and sech x, 
12. tanh x and со x, 


CHAPTER VI. 


LOGARITHMS OF COMPLEX QUANTITI ^8. 


x are real quantities, we 


80. Ir a—e*, where a and 
f a to base ¢ and we 


know that x is called the logarithm o 
have shewn in Art. 5 that 
2 ^ 
а=е=1+х+ stat E ad inf. 


We may therefore !ook upon the logarithm, x, of a to 


base ¢ as being derived as а root of the equation 


х? х 5 
а= ере мая Б.с. (ДШ) 
Iraq ad in (1) 


As in other cases we shall now extend this result to 
complex quantities. 
i be any complex quantity and if 


81. Def. If x 
eX, ie. 10 the series 


а4-Ві be a quantity which is equal to 
ر‎ 2 1.73 
1 (eyi) + eim + e 


then x yi is said to be a logarithm of a+ßi. 
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We say “ a ” logarithm because, as we shall now shew, 
there are with the above definition many logarithms of a 
quantity. 

We have a+ßi=e*+yi 


РОТИ (Lys 
Now, by Art. 62, we have, for all integral values of n. 
еті = cos Zumi sin 2пт--|.........‚.. (2). 


Hence from (1) and (2) we have, by Art. 59, 
a+ Bi exi eri — ee (ys ms); 
According to the above definition we sec that, if ayi 
be a logarithm of а-+Вї, so also is 


X-Eyl-E-2nzi, ie. X¥+-(y+2nz)i, 
82. We proceed to find the lo 
plex quantity &--Bi, where 
By Art. 20, we have 
2 Bi—r[cos(2ng 4. 9) +; sin (2n, 0)], 
where n is any integer, = VaR, and @ is that value 


lying between —т and +r such that cos 


garitims of the com- 
« and f are real. 


0 is ana sin 6 
r 
is 2 ie, with the restriction of Art, 20, 


0=tan-18 | 
a 


If x4-»i be a logarithm of а-ЕВ, we have then 
r[cos (2-1 0) +i sin (2n 4-8)] 


=e . ei 


==еХх+у{ 


(Art. 59) 
7—€* (cos у; sin y). 
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By equating real and imaginary parts, we have 
ех cos у=т cos (2n7+8), 
and ех sin y=r sin (207-6). 
Hence c*—r, and y=2nr+0. 
Since x and r are both rcal, x is the ordinary algebraic 
Napierian logarithm of r, so that 
x—log, r. 
Hence a logarithm of a.4- Bi is 
log,r4-i(2n4- 0), 
ie. log, мав EE B) 
Since n is any integer we see that there are therefore 
an infinite number of logarithms of a+, and that these 
only differ by multiples of 271. 

‚ 83. With the extended definition of a logarithm 
Given in Art. 81, it follows by the last article that the 
logarithm of any number is many-valued. 

When this many-valuedness is taken into consideration 
We write the logarithm of а-ЕЙ as Log (a-+fi). 
Hence 


Log (a--fi) =loge мар Qe etn 8, 


If we put n cqual to zero in the value of Log (a-- Bi) 
the result is called the principal value of the logarithm 
and is denoted by log (a+£i), so that 


log (2-+fi) -log, Vat +P) +i tan : 


Log (a+ pi) —2nri--log (a- B). 
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This distinction between log and Log is to be here- 
after assumed. 


84. Any positive quantity has one real logarithm and an . 
infinite number of imaginary ones. ; 
In the result of the Preceding article Put B equal to 
Zero, and we have 


Log a=2nri+ log, a. 
We therefore observe that 


any multiple of 9,; te Из real 
This might have been directly deduced from 
(1) of Art. 80. -For qi s i 


and therefore it has an infinite number of roots, of which 
only one is real. 


equation 


85. Logarithm 
of Art. 83 рш B=0, 
quantity. 


of a negative 
> and а= w їз а real positive 


o Мару and tan~18 

. a 
[which is an angle such that its cosine is x ie —1, 
and its sine zero (Art, 20)] is equal to т, 

~<. Log (74) =2nmi+tog, Eni, 
d log (—а) Slog, х-н. 
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Hence the principal value of the logarithm of a 
MM quantity —x (with our extended definition) is 
qual to the ordinary algebraic logarithm of x added 
Оп to ті, 


I 86. Logarithm of a quantity which is wholly imaginary. 
n the result of Art. 83 put a=0, and we have 


Log (Bi) —2nzi--log, B5 


i 1 
ов B-+i( 22+ 3 T, 
2? that the logarithm of any quantity which is wholly 
Imaginary consists of two parts, the first of which is real, 
and the second of which is imaginary and many-valucd. 


As a particular case, put B=1, and we have 
Log (V =) =i( 2+ 5) т, 


So that the principal value of Log (V=1) is 4 i 


87. In the result of Art. 83 put 
a=cos 0 and B—sin б. 
<. Log (cos 6+ sin 6) 
=log, 1 4-i(2n74- 8) = 0i--2nm, 
7. Log v6i— 614-2лті. 
log ebi, is therefore 


The principal value of Log ¢%, èe. 
h that 0--2nz lies 


tł 
lat value of (#--2лт)ї which is suc: 


©бусеп — and +r- 
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82. Ex, 1, ete into ite real and imaginary parts the exes 
Log sin (x+y), 
Let Log sin (rri) uui, 50 that 


tvi sin (+i) =sin x cos уі соз x sin yi 


= | 
م وون ا‎ a UNO en f (1 
Asin Art. 18 let the right-hand side of this expression equal 
r[cos (2nr+4-0) +; sin (2nr+-0)], 
50 that 
=; — YT 
=+ „Î tint x (2 7 eost (2 z *) 
“WV OT Cos 2x 
— соз 2 
=1V2 coh 25—2 соз REEL zu A 
and 9=tan-1 [zz] Stan“ [cot x tanh y), 


with the usual restriction of Art. 20, 
We have then from (1) 


2›— s 
=; log. [== Hilari tan- (cot x tanh y)]. 
By putting n equal to zero, we have the 


ety. g, 
pus —З= {соз (or 6) +i sin ЛЕ 
аз їп Art. 18. 
Then we have r=3 and б=т. 
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Hence — 3{cos (2nn-+n)+isin Qm) 
etie giis {cos +i sin y}- 
Hence e*=3, so that x=loge 3, and у=2пт+т. 
2 Log (—3) —loge 3+ n9) i 
The principal value, obtained by putting л equal to zero, is 
loge 3+ті. 


EXAMPLES. ХШ. 


Prove that Р 
1. log (cos 0-Li sin 6) =i0, if —7 8 2. log (—l)e7i. 
3. log (—i)=— Fé 

4. log (1--соз 20-4 sin 20) =loge (2 соз 6)-+i0, if —т<@т. 

5. log tan G +5 i) Li tan-! sinh х. 


1 cosh 2,y-+c08 2х' Litan"! (tan x tanh y) 
6. igen auos ip) itan"!( 


7. 10 sin (xi) |. 2i tan” (cot x tanh 7). 
8 sin (00) 


cos (5—20) زوے‎ tan (tan x tanh 7)- 
8. log соз GF) 2i tan^! ( 


9. Пор —4—2 tan"! х. 
ilog EMT 1 
where ais a positive acute angle. 


11. log (==) =:loge 5 cosec 3 Ti G — ; 5 


10. log (1-++i tan a) —loge sec ata, 


13. Log (—5)=loge 5+ (2лт--я)і. 
т 
14. Log 0+0=5 loge 2+? (er j 


15. Find the value cf log log sin (x42D)- 


P. T. H-5 
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89. Definition of a™ when a and x 1 
tities, Complex or real, When а and * are real quan- 
tities we know that 

ахх log a, (Art. 5.) 


When a and * are complex the ordinary algebraic 
definition of ах no longer hol 5 


Let us so define it that 


Now, by Art, 83, Log a is many-valued and Complex 
when a is Compl 


Hence ах i, many-valued and com- 
plex, so that 
ах: Log “gx (2nmislog a). 
The value of ax obtained by Putting n €qual to zero is 
Called its Principal value, 
Hence the Principal value of ах 
— gx log a 


=1» log a+ а (log a+... 


[2 


(by Art. 56), 


be considered we 
Satisfies the ordi- 


From Art. 59 it follows that if Principal Values 
have 4* X a) —q**y, so that the Principal Value of az 
nary algebraic law of indices, 


90. It may now be shewn that, if y be Complex, 


1 1 1 
log (1+-y) 20—90 درو‎ Ty tes ad inf. 


The proof is similar to the Proof when J is real, 
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If the modulus of y be equal to unity, so that y may be put equal to 
cos $+ sin $, the expansion can be shewn to be still true, except in the 
cases when ¢ is equal to an odd multiple of л. 


Since Log (12-5) =2nmi-+log (1+), 
we have 


1 : 
Log (145) лт у 1*4 ر‎ — ptt uS aodo ad inf. 


91. To separate into its real and imaginary parts th 
expression (a+fi)*¥i, 


Let i= i si 
b "ari cos 8--i sin 0), 
r= УЖЕ, and бш}. 
Then, by definition, 
(a + Вух Leo) Log (048i) 
ECL (log (a+Bi)+2mai} 
ento {log r+(0+2m)i} 
cues log r- y(0+2mm)}+i{y log r+x(0+2nn)} 
set log r . „—у(8+2тл). gi log ғъх(0+2тт)} 
=r* . g~y(0+2m7) [cos { y log т-Ех(@+-2тт)} 
+i sin {у log г++х(#+4-9тт)}]. 


If we put m equal to zero, we obtain the principai 
уа a H H 
alue of the given quantity, viz. 


7729 [cos ( y log r--x6) +i sin (9 log r4-xf)]- 


°*92, Ex.1. Find the general value of [=1] vo. 
We have [V Zi] V =V" Log VT. 
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But Log V=i=Log [coe (2er + 2) + isin (m 7] 
—Log, (2+ 2) f (2 2 i. 


Мру (207+ 5) *_ (an 2), 
where я has any integral value. 


Li 


The principal value of [VZT] VT is eZ 


Ex. 2 Find the general value of Log, (—3). 
Let Log, (—3)=x+-yi, so that 2st¥i=—3, 
іл. «tty Lot! —3 {соз (mr +7) +i sin (2тт+т)} (Art. 20) 
But Log 2=2nri+ log: 2, and 3—49t,. 
Г. Czy (Опов л) zd. emt 
2 (by) (2nmi+ log.2) =log.3 + (2mn-+n)i, 
Equating real and imaginary Parts, we have 
х loge 2—2nzy— log, 3, 
and x .2nr+y log, 2=2тп+ s. 


Solving, we have 


„loge 3 log 24 (Omen) . 2n 
(loge 2) 45353 Ё 
= (2тт+т) loge 2—2nn loge 3 
(loge 2)! F fnm > 
Hence Log, (—3) 


{loge 3 loge 2+2n(2m+ Yr?) t in{(2m+1) loge 
= (loge 2)2%-+- 4ntaa 


If m=n=0, the principal value is obtained, viz. 


loge 3+: 
loge 2 


and J 


2—2n loge 3 
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93. It could now be shewn that the general values of 
ue logarithms of complex quantities satisfy the ordinary 
aws of logarithms, viz. 


Log mn=Log m--Log n, 


and Log Log m—Log п. 


Т It could also be shewn that Log m’=n Log т-Е2фтї, 
lere f is some integer or zero. The p:oof is left as an 
exercise for the student. 


EXAMPLES. XIV. 
Prove that 
1. uie-amr (cos (log а) +i sin (log 4) }- 
2. ia=cos {(2m+ 5)" |+ sinf (r+ 3) "а }. 


3. ii*=cos 04-і sin 0, where 


0= (n+ je 


4. еіс ААВ, principal values only b 
Prove that 


(n) 


eing considered, 


A B = 
tan > -4 and A?+Bt=e TB, 


5. If is+si=a+fi, prove that 
qt ie C077. 
STER ny 
- =a+fi, prove that one value of tan"! is 
1 
2 


рт+-{ loge 2: 


p 
7. If (a+-bi)p=m*tyi, prove that one of the values of Hs 


urb 
2 tang 


loge (@ +6") б 
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[Exs. XIV.] 
ЕТ 


Principal values only being considered, 


a= FP loga (фа) оа 


& H asti 
prove that 


12 loga e, 


10. Prove 


that the Princip; 
wholly imagi 


al value of (a+ib)etis is wholly real or 
inary according аз 


1 
28 log (atb) a tanm: $ 
is an even or an odd multiple of 7 B 
ll. Prove that the general value of 
(1--i tan а)-1 
із ertme [cos {log соз a}+i sin {lo 


12, If (Seto) ni 


8 cos q)]. 


=Х+{7, 
Prove that one of the values of 


al, -1(__2ay Plog (а++х)%+у1 
rs 1 „ЕЗ д 
tan 8 А tan (2) + g log (аху я 
10721) +1 
13. Prove that Log Et 1) nii: 
where m and n are any integers, 

14. Prove that the Eeneral value of a (—2) is 

(log 2)24.m , (2n-- 1) а m (2n4- I~ m), log 2 

(о шуба Yi 2008 25 ая. 
Explain the fallacies in the following arguments; 
15, For all integral values of n we have 


ein 


зо that 
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Raise all these quantities to the power YZ]; thus 
ge =e be om 70 uL. 
2. 2т=4т=бт=...... 
16. For all values of @ we have 
соз (9—m)+i sin (@—л) =cos (0+m)+i sin (0+7), 
30 that (It) 5i cem, 
Hence 0—n=0+2, iz. 0—0. 
17. If @ and ¢ be the principal values of the amplitudes of two 
complex numbers x and у, prove that 
log xy=log x+-log y+ 2nmi, 
where n is —1, 0, or +1 according as 0-+¢is >т greater than —w and 
Not greater than s, and not greater than —т, respectively. 


CHAPTER VII, 


GREGORY’s SERIES, CALCULATION OF THE VALUE OF л. 


94, Gregory’s Series, To prove that, if 0 be not 
less than c and be nol Sreater thang- л › then 
0—tan 0— 1 


3 lan? 04 tan 0—.... ad inf, 


We have 
1+i tan 0—sec 9 (cos 04.3 sin 8) 
=sec 0. egi, 
Hence, by Art. 83, we have 
log, sec 6+ 6i—log(1-L; tan 6). 


Therefore, by Art. 90, if tan 0 be numerically not 
greater than unity, we have 


log, (sec 0) 61—109 (1 +i tan 8) 
=i tan 0-5 1 tan? 04 E | 


he 
AM o+ tan? 0— = 2 tan? 0-1 tan! 0... ad inf 


107, 


| 


is 


GREGORY'S SERIES. 


Equating the imaginary parts on each side’ of thi 
equation, we have 


Ө=їап 0—1 tan? 0+} tanë Ө} tan? 0+.... 


Since this series is true for acuce angles such that the 
tangent is not numerically greater than unity it is true 


for all angles lying between the values — д 7 and +3 T and 
also for the extreme values -3 and + 


95. The series of the last article may be slightly 
transformed by writing tan @=x, so that x must be not 
less than —1 and not greater than 1. 
It then becomes 
tan! x—-x—jx-Hixi— 1x 
Where tan-1 x is that value which lies be 


. ad inf., 
tween 


- Zand +5 


is a particular case of a more 


98. Gregorv's Series 
ted as follows: 


Beneral theorem which may be enuncia 
z and = 
If Ө be an angle which lies belween Гані fat 3» 


both limits being admissible, then 


0— pn — tan 0—5 tan? 0+5 1 san 9—. - .- ad inj- 
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For let 9=p9+4, where $ is not greater than 1 and 


not less than =H 
Then 1 +i tan 0—1--i tan $—sec (cos $+i sin 4) 
—sec d , efi, 


Hence, by Arts, 83 and 90, we have, provided that 
tan @ be numerically not greater than unity, 
log, sec $-F$i—log (1--i tan 0) 


URS 01а tan? otia (апа 0... 


ф=!ап 0-1 tant 0+} tant ОЕ. 


1 1 
ie. 0—рт=іап 0— 3 tan? 0+ stant 9... ag inf. ..(1). 


article becomes 
б—т=чап 0—4 tant 94. 5 tans o 


If 8 lie between a and x ie. between 2o 7 
tion becomes 


@—2emtan 0—1 tan? 94. tanto 
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Similarly, if Ө lie between — D" and = ES ie. between —3т— gand 
~3n47 
"Hp we have p=—3, and the equation becomes 


0--3z—tan e-i tan? 8+ Н tan! 0—......... ad inf. 
98. IF 6 lic between 2 and a or between 
5r 70 
TE and ws 


or, Benerally, between 
пт-+ Gand nat x 
tay ; 2 : 
ШӨ is numerically greater than unity; in these cases 


the *xpansion of log (1-+i tan 0) does not hold, and therc 


îs n : 2 
9 such expansion as equation (1) of Art. 96. 


9и Value of л. Опе of the chief uses of Gregory’s 
tes is its application to find the value of 7. 
п Art, 95 put x=1, and we have 


--{@-)-6-9)-@-®- 


1 1 1 
1286 + 55+ туз +... 
Кп: Series may be used to calculate 7; its defect 
Pine. er is that the successive terms do not rapidly be 
have poate so that a very large number of terms wou! 
Peat E be taken to obtain the value of 7 correct to any 
gree of accuracy. 


°F this reason other series have been sought for. 
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100. Euler's Series. We can easily prove that 


tan? jam Lu 


3 4 
In Art. 95 put in succession x equál to 
ew 
and we have 
greet g tang 
HAS Pepe... 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 

Ax 7 
tan would have to be taken to give m correct to 7 
places of decimals. 


101. Machin’s Series. A more convergent series 


than the preceding is Machin’s, which is derived from thë 
expression 


zi LU: 
4 tan 1 3 tan "ogg =3 (Art. 240, Part I., Ex. 4)- 


By substituting in succession 1 


5 and о for x in Art. 95› 
we have 
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2 12 128 12 
т 1 121 А 5-4 SS A 
d e[s 3108+ 5108 7107 * 77 | 
d T uh n 
E | E E 
[z 32399 + 52395 777 | 
Now 2 a 
16x 15-32 
1 25 
lex Же a 
6x gjg = 001024 
16x |. 2* — -0000009102 
3 jos 


4x 2-1, = 7 


3 239 
3-2010250079 
Also zu А22, a 
16» 3 т = "0426666666... 
1 7 
16302 m 
x 5° 109 = 0000292571 
] Qu 
Пат = bob 
х тр" ggr = 0000000298 
4x zl. = -0167364017 
К 20594323552 
расе 3:2010250079 
— .0594323552 


E 
т=3-14159265/27 
This is the value of correct to 8 places of decimals. 
Roby taking the first series to 21 terms and the second 
P to three terms we should get т correct to sixteen 
Ces, 
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102. Rutherford's Series. A further simplificatio 
of Machin's formula is the expression 
1 1 I. r 
"EU LIS Lu 2 
4 tan! с —tan 70 tar” gg = 7 - 


For we have 


I a 
1 70 95 29 
-1 — — tan! —=tan t 
tan zg tan™ gg— tan ORIS 6931 
70 99 
1 
m 
т): 
EXAMPLES. ХУ. 
Assuming that 


lan 04 1 tans 
@—пт=={ап 8— 3 tan! 0+5 tan 0—..., 


write down the value of n when @ lies between. 


HL 137 72 Sn 
1. T ando 2. | wd. 
197 21= __ 37 5т 
S. Load. 4. EC and — F- 
Пт 137 
5. = 291-4: 
6. Prove that 
1 1 1 
т=2\/3 1— + aT y gat 
7. Prove that 


msti alata) +5 (tz) = 
8. If x be <+/2—1, prove that 
2 (x fet 52... ad inf) 


[Exs. XV.] CALCULATION OF 7. 113 


Find the value of 7 to three places of decimals 


9. 
19. 
11. 
12. 


13. 


By using Euler's Series. 

By using Machin’s Series. 

By using Rutherford’s Series. 

To the second order of small quantities, prove that 


1 ы Wilke CEA: 
z V {зїп Blog (1 8) 4- tan. 0 sin (5 +0)= УС 


When both 0 and tan~! (scc 0) lie between 0 and 5 prove that 


0a 0,1 \ 
tan7! (scc 9-2 + tan? 2-3 tan* 5 + 5 апе 5 Е 


"CHAPTER VIII. ` 
SUMMATION OF SERIES. EXPANSIONS IN SERIES. 


103. We shall now apply the results of the preceding 
chapters to the summation of some trigonometrical series. 
The chief series may be divided into four classes; 

(1) Those depending for their summation on a 
Geometrical Progression ultimately, 

(2) Those depending ultimately on the Binomial 
Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, 
and (4) Those depending ultimately on t- Logarithmic 
Series and, as a sub-case, Gregory’s Series. 


104. In Arts. 105—108 we shall sum onc example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sines 
of multiple angles (such as sin a, sin 2a, sin За...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 


(ie. соз а, cos 2a, cos За...). 


The method will be best seen by a careful study of the 
following four articles. 
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105. Ex: Sum-ton terms; and to: infinity, the series 


14-с cos a+c cos 2a+...... D 
"where c is less than unity. 

ss set ron: ti Н @ ba. » 

° б cos abet cos да+... Le 1 cos (n1)a (1); 
and сс T dr is tom 21 
бшсш athe? sin Sa E sin (RED а, (2). 

Multiplying (2) by i and adding to (1), we have 
C+: Si=1-c(cos a+i sin-a) 4-6 (cos.2a--f sin 2a)+...... 
= 1+ cenit c%e2ait-...4+c?-Ie("-1)ai (Art. 62) 

= =, by summing the or, 


(Lerma ) (1 —сетай) 

(10) (1 cera) 

1 —ce ai слепа 4 cM +1¢("-1) ai 
1=c(eai+-e4i) 4-2 


cos (п— 1)а } 


٤ 1—c(cos a+i sin а)—с"(соз na--i sin lie ККД 


8 12c cos a+c? 


Hence, by equating real and imaginary parts, we have 


1—c cos a—c" cos na-+c"*1 cos (n—1)e 
› 


© 1—24 соз. a+c? ‹ 
c sin a—c" sin nate} sin (n—1)a 
aa $3 | 1—26 cos a-Fc* : 


The sum to infinity is obtained by omitting the terms 
containing z^ and c", which become indefinitely small 


when n is very great. 


116 TRIGONOMETRY. 


l—c cos a 


Hence се 1—2с cos a+c?’ 


csina 
and = 1—2c cos a-- ° 
From the results for C and 5 it is now clear that the above series 
might have been summed, without the use of imaginary quantities, by 
multiplying both sides of (1) and (2) by the quantity 1—2c cos a+c*. 


The coefficients of cà, c....... «^-! would then be found to vanish and the 
values of C and S be casily obtained. 


106. Ex. Sum the series 


pain ot ل‎ да2а--1:3-5 oin Bade адал 
Let S= sin «+ sin 2o نج‎ sin Omer 


and 1:73:15 


2.4. 6 0953a4- ot 


Hence, multiplying the first by i and adding to the 
second, we have 


С=1+ cos ad соз 2a4- 


JUS Las ТВга Бич 
Eri apr Ts abr n oe 


==(1—е®)у-4, if a 2nz, 
by the Binomial Theorem. (Art. 26.) 
.. С+ — (1— cos a—i sin a} 


= {2 sin $ (sing -i cosp) } 
2 2 2 
a|-i a 4 

= {2 sin | [o (=н sin(5—3)} 0 

{2 sin P { cos (E) е | 


1 


NIA 
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Hence, by cquating real and imaginary parts, we have 
=} = 
C= f sin 2} cos 2—6, 
H + s 0—05 
\ and $= {2 sin Hi sin Я 
If а=-2пт, clearly $==0 and E ©. 


EXAMPLES. XVI. 


Sum the serics 
l. sin a+ 2 PES 28+ 5 з Sin 3a+...... ad inf. 
соз а. соз a+cos* a cos 2a--cos! a'cos 3a+...... ad inf. 


2 
3. sin a. sin a-F-sin*asin2a-F sin* asin3 a+ ......ad inf, where a +5. 
4. sin a. соз a-Fsin'a. cos 2a+sin? а. cos 3a+...... ad inf., 

where ax +. 
5. sin a+e sin (a--B)--c* sin (a4-28) 4-...... to n terms and ad inf. 
6. 1+¢ cosh a+c? cosh 2a+...... re^ cosh (n— 1)a. 
7. csinh а+с? sinh 2a4-...... Жы ad inf. 
B. 1—2 cos a+3 cos 2a—4 cos 3a+- 
9. 3 sin a+5 sin 2c+7 sin 3a+...... to n terms. 


10. When a— H › find what are the values of the series in Exs. 3 
and 4. 


11. sin а+л sin (a+) + PD sin (a+28) + 
n being a ar integer. 


б, to (n-- 1) terms, 


12. sin (es 2 зїп За+ pis sin 5a4- ...... ad inf. 


n(n—1) 


13. cos? a—n cos"^! a cos a+ m j e" а cos 2a...to (n--1) 


terms n being a positive integer. 
п(п+1) Xu ern 
1. 


14. nsina+— y sin 2a+ 


118 TRIGONOMETRY. — [Exs. XVLj 


15. Lk d eo 20— p 08 404. و‎ cos 807 ا‎ ad inf. 
16. sinh u+n sinh 2u+ n(n e sinh uL -isstó 14-1 terms, where n 
is a positive integer. 
107. Ex. Sum the series 
cè cos 20 77 tA cos 40 


E os ad inf. 


BR 
2 А 0 
песа с э - „adinf. ... (1), 
? sin.26., chsin48 эзш. + 
and $== В n + = | E... aad Inte, (2). 
Hence | 


ан тд 


CSS E Жл tsa nf 
er 
тїз Ера soto 

where y-—ce&i —c (соз @--1зїп б). › de 

угле 3 


aly cos 04- іе sin er cos іс sin ò ү 


= = соз @ [cos (c sin 0) +i sin (2 sin 0)] 


2 
А5 1e cos 0 [cos (c sin 6) —i sin (c in.6)]. cc 62.) 
By equating real and imaginary parts ‘we therefore 
haye : 
С= 4 cos (6 sin 0) [e^ <05, er“ co. 4] 
—c05. (c sin. 0) cosh (¢ cos 8,— 
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sin (csi sin ЛС соз B. uc Cos 6] 


= sin (c sin 0)sinh (c cos 9 


Aliter: КУПП (3) 4 c have : 


TM (c sin 8 - ic cos 0) 
= s0)i 
C+ Si- 2 


= en sin 6j: cre ПЕ isin (с ЗӨ) sinh (e cos 0)] 
" "TREE Mu 68). 
"Héice C and’ Pis Before, A 


103. Ех. Sum the two series 


а | m 


and Celos aF 5 cos 2а-- 3 cos За-- 5 


l A51 c is numerically not ¢ grealer than unity, 
| 


‘Let S. and C stand for these lava, scries; з themeas, К, 
velis ve m$ to olgisiuar в гї э 


m. ; 62). 


Let 16.605. ar ops б, and rosin, јат „sin б, 
so Phat datus maro 


т= 4 ۷1-26 cos pd COS igus EES J тёге, dt дї 


T 
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and 


csina . —çsi 
› Le. ü—tan^ cama 


sin Ө—— 
1—c cos a 


with the convention of Art. 20. 
J. C+Si=—log V I—2c cos aF (cos 0+ sin 0)] 
=—log [V1—2¢ cos аф. е6] 
Be ieee Ч 


г. C=—log V (1 —2c cos a+) —— jlog (1—2¢ cos a+c) 


о ana pe Se 

and $=—#=—{ап 9) Shee (4) 
Exceptional cases. When c=1, the quantity (2) 

=—log[1—cosa—i sin a] -—log[1 cos (ат) +i Sin(a—7)]. 
This, by Art. 90, is always equal to the series (1) 

except when a—z is equal to (2n+1)z, ie. except when 

a is a multiple of 27. 


In this case $—0, 
eme 

and C—tltgtgtic Boe ; 
which is known to be a divergent series. 

When c— —1, the quantity (2) 

=—log [1 +cos a+i sin a]. 

This by Art. 90 is always equal to the series (1 except 
when а= (2n--1)s. 0 

In this case $—0, and 


Galt ;+4+1+...... 
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The results (3) and (4) give then the sum of the two 
series except when (1) c=1 and a—2nm, (2) c— —1 and 
a=(2n+1)z, and (3) when c1. 

In examples depending on the logarithm series it will 
be ойеп found that for some particular values of the angle 
there is no sum. 


Particular case. Let c=cos a, where a lics between 


T 


0 and g that 


$=соз a.sin a+ 1 соз? a sin 2a+ 5 со?азіпЗа+. “з 


2 
In this сазе 
—sin a cos a 
sma 


S— —tani ( ) by (4), 


remembering the convention mentioned above, 


Mu 
=5—% 


EXAMPLES. ХУП. 
Sum the series 
1. sin ate sin (a--B)-- p (a+28)+...... ad inf. 
> cos ate cos (а+Ю+ i cos (+28) --..... ad inf. 


а з 
3. 1—cos а соз вр? соз 28-957 cos 3В+-...... ad inf. 


in (a+2, sin (a+48) _ i 
sin (а++28) , sin Ааа inf 


122 


10. 


TRIGONOMETRY [Exs. XVII] 


_ соз /(а+-25) | сов (24-48) 72 


Su B ا‎ —=88 ad inf. 
1+ cosh «== ЧЕ + 332-4 ad inf. 
sinh a+" “ык TON ad inf, 


14-09% * cos (sin ЖЫ * cos (2 sin a)-+..,,,,.ad inf. 


Р EX 
14:27 dos (cos apt еб cosa) FS "у обон) 


50050 , 7cos 30 9c0s50 A 
TERCER BE 8 27 5 Кө ad inf. 


[In the following examples ¢ may be assumed to be Positive and not 
greater than unity; when c equals unity there will be,-as in- Art. 108, 
exceptional cases for some values of the angle a.] 


п. 


12. 


13. 


c sin سے‎ sin 2a+$ sin За—...... ad inf 
c sin “+ вїп 3a+} ¢ sin 5a-L-...... ad inf. 


ak ate coa Satte сов 5а+....... ad inf. 


€ cos а—ё cos a+ e соба de ad inf. 
c sin a—g e sin Sa--Lé sin 5в—...... ad inf 
cos a-i cos Sat; соё 5а—...... ad inf. 


T (8528) +} & con (a--49)— ...... ad inf 


Ча a sin P+} sin 2a sin 28+ sin Sa sin 38... ad inf. 
e sint a—5 ein! 2a- d sint Sa... ad inf 


tinh o— sinh 20+ dinh $a— Eta ad inf. 


^. 
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50 ad inf. 


22: (COS: F l cos gtg cos eg tos 3 


ES 


„аа inf. 


23. If @—a=tan® 2 sin-20— Jine p sin 484- Fran $isin 605-9. 


ad inf. prove that tan a=tan-@ * cos Sw i 
24. If 6 and d be positive acute angles prove that the sum of the 


series - si 


sin 0 cos $+ sin 38 cos 34+ зїп 58.cos 50+-...... j ad ipf. 
is ИС; 0, according as 0> or <$. 
Prove that 
25. tanh x4- : tanh? x+ h tanh’ х+...... 
" т ibh 
=tanx— و‎ tan? x+; tante—. » where x lies between - and+ A 


26. 2 sin? 0+ 5 . + sin 0+ 1 . 8 sin? 0+ ..iaAr 
y 1 ml 
=2(tan® 0+ дап 04 5 tan? кет ), where 9 lies between 


Sor 
4 

ШЙ. TN PT Lun 6+ : 
27. sin 0+ 5%! g sin? OF... 


and +3- 


=2 (sin 0-5 sin 364 i sin Sama D where 8 24-15. 


109. We subjoin some exariples-of series which come 
under neither of the-foregoing heads 'mor.under that of 
Ghapter XIX., Part. I. In:general they are to;he;summed 
by:the-artifice of splitting each, term into tue difference of 
two terms. Considerable ingenuity, is often required. When 
the answer is known. the method of summation can usually 
be easily seen; for the answ 


er when n is put equal to 
unity gives the form in which the first.term of, the series 
has. to be pute (821-2) = $84 


124 TRIGONOMETRY, 
Ex. 1. cer SE 
sins {+3 sin? 2498 int obe 
cease: =3 sin ф—4 sin? $, we have 


Hence, by addition, the required sum 
1 3 
LIT в]. 
Also the sum to infinity 


=} [0—sin 9. (Art. 228, Part 1.) 


Ex, 2. Sum the series 
tan a+2 tan 2 х-1-2% tan 2294 
We have easily 
tan a=cot a—2 cot 2a, 
tan 2a=cot 2—2 cot 2a, 
tan 2%a=cot 2%а—2 cot 2%a, 
and tan 29-1 a—cot 29-1 a—2 cot 25a, 

By multiplying these rows in succession by 1, 2:29. 78 297! we have 
tan 2+2 tan 2a 1-2" tan 2%a+......4 29-1 tan 2я-1л s cot —2? cot 2na, 
the other terms all disappearing, 

The required sum therefore=cot a—2^ cot 25a, 


Ex, 3. Sum the series 


tan a tan (а+ B) J- tan (a+) tan (a+28)+ tan ree tan (а+38)+...... 
- to n terms. 
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Let u =the rth term, iv. 
tan {a+ (r—1)f} tan {a+ 76}, 
Л (+1) tan B 
=[1+tan {a+ (r—1)f} tan {a+rf}] x tan [o--r8— (a+r—18)] 
tan {a+r8}— tan {a+7=18}. [Art 98, Part I] 

Hence giving r in succession the values 1, 2, .....- n, we have 
(1ш) tan B=tan (9+6) tan а, 
(1-++u,) tan B—tan (a--28) — tan (a+), 


(1+un) tan tan {c+nf}—tan {a+ (n—1)f}- 
Hence, by addition, 
(n+Sn) tan B—tan (a+np)—tan о, 


10 that San (Peg a—ntan B 


Sum the series 

1. cosec 0+ cosec 20--cosec 40+. ue 

2. согес 0 совес 20+ cosec 20 cosec 30--cosec 30 cosec 40+-...... 
to n terms. 

3. sec 0 sec 20--sec 20 sec 30-- sec 30 sec 40+ Ст to п terms. 


4. sec бес (0--9)--sec (0+6) sec (04-24) + sec (0+24) sec (0134) 
Tee to n terms. 


5: Ta t оо а+-сов 5а } боз аон Ta 


to infinity. 
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11. sin 20соз? 0— H sin 40 соз? 204- E sin 80 cost 40— + 


12. sin 20 sin? 04+ 3 sin 40 sint 203. H sin 86 sin! 464. 


m sin 0 Uasin 20., ~~ 8in. 38. 
13. соз 04+ соз 28 ` соз @-_соз40 + 


14. tanta tan 2«- tant 2atan teti tan", 4a tan 8a 


соз? 6— х с0з*.:304- Los 319— con 3204 


50, 0 10210, 
16. эшл +3 sin! gy Sint 5 T 


1 з 3:48, 
1. сабзае 36—3 tan 30 cot 330—9 aq 


8— соз 3017 7202301655320 ; cos 3*0— cos 339 
18. C0? cos 30! Cos 80 cos 310 SOR соз 
sin 30 +З sin 399 3) sin 326 


72, 


Чана: 21А 


1 

П Xtanil tap) -11 
RLLES E RTS I 
1 

3 Ipni بلا‎ seed ad'inf. 


Expansions. 


110. In some branches of hi 
désirable tobe 


series of ascending powers. 
As an.example we will expand 
log (1—2а cos 64-а?) 
in ascending powers of а. 


..to n terms, 


cos #-Есоз BO 00 terms. 


Ome 1 
Tosa tee agg btan ragt: ton terms, 


TM to n terms. 


gher Mathematics it is 
‘able sto” expand: eertairi quantitiés in a 


EXPANSIONS. рзд 127 
5їпсе 2-cos 0—e6i--e ði, 

we have КАН 
log (1—2а соз 04-2) =log [1 —а(е8ї--е—6ї) +a] _ 

=log [(1 —ae8i) (1 —ae-8i)] ў 

—log (1—acti) ов (ает FT 

cl ' 
== ай— 5 qti i 0 1 ам 


i 


m р Р 
—ае70— 5 айг 201— 3 азе 90:7 


= afeti icti] ка etis] 4 genetic] 


—-—a:2.c0;0— je - 2 cos 20— 32:2 COSA s 


=+2 |. cos pHga cos 20-4: а\ cos 38 huit aes 1 


The expansion. of log (1 734%), is legitimate, by Art. 
90, if the modulus of — acti be less than unity. 

Now  —aebi=a{cos (7-0) +i sin (7-0); ^ 
so that its medulus,is cqual to а. Hence the above ex- 
pansion is legitimate provided-that а is less than unity. 

The expansion is also legitimate if a be equal to unity 
provided that @ do not equal an even multiple of т. 

It ig also legitimate if a be equal to +1 and 0 do not 
equal an odd multiple of 7. 


111. Ex. Expand iE 


1—а? 
[292 cós 8--a* 


in a ries of ascending powers of a. 
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We have 
1—a? 1 2—2а cos @_ 
1—2a cos 94а —— ar 1—2a cos 0+ a? 
2—a(c8i+e-6i) 
—a(ebi+ £781) а? 
2— a(e6i --e-0i) 
(ае) (1 ae) 
1 
1—ае êi 
=—1+(1—aebi)-14 (1— шуга 
=—1 4l Hadit aedi ai., 
+1+-ae-8i+ ate720i feet, 
=] +a(ebi 40i) 4 a2 (e20i Té€48-L...... 
=1 2a cos 04-24? cos 204-243 cos 30+-...ad inf. 
The expansions of (1—ае@ї)-1 and (1— ~8i)-1 by the 
Binomial Theorem are legitimate if the modulus of aeði be 


less than unity, i.e. if a be numerically <1, but not other- 
wise. (Art. 26.) 


The above series is the one assumed in Art. 49, 


Similarly we can deduce the Series of Art. 48. For 
we have 


=-1+; 


ZE 


1 
mi quie 05 


2a sin 0 ж a(eði—e Oi) 
1—2a cos 0+a? i 1 —a(ebði 48i) 4а? 
l aeli —ag-0i А hok 1 
=i (ad) (Iati i|l-a8 Габ 


=} {(1 Fabi ateit...) — (1Ha bid gg tti...) 


=2a sin 0+-2¢ sin 204-943 sin 30+-...ад inf. 
As before this expansion is legitimate only if a1. 
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112. Ex. Jf sin x—n sin (a+x), expand x in а series 
| of ascending powers of n, where n is less than unity. 
Since 


sin x—n (sin (ax) =n (sin a cos # cos a sin x), 


nsin a 
.. tan х= ————_, 
1—п cos a 
. exi— gxi nisina 


'ex-pecd IT—ncosa’ 
„еї  l—ncosa-nisina l—neai 
"ew ~~ l—ncosa—nisina lnoi? 


.. 2xi=log (1 —ne~ai) —log (1 —neai) 


++ neai +- 1 ла Н 345 
2 8 
—n(eai —e7ai) 4- pr inta 
+ 1 n? (е3аї—е-3аі),..... ad inf. 
=n. 2i sin apgr . 2i sin 2a4. 2i sin За--... 


у =n sin a Û rf sin 2a} in sin За+... ...(I). 


In this equation we have assumed # to lie between 
=й апа ED if it do not, then, instead of 2xi, we should 
read 2kmi+2xi; the left hand of equation (1) would then 
be хт, and we must choose k so that x-+kr shall lie 


т т 
between — $ and +5. 


As before the expansions are legitimate if n he<unity, 
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112. "Ex. Expand e?* cos bx in a series f astendin 


powers of x. 
We have : 


ebxi aL e xi 
еах cos bx—sx . ш” 


7 - Ал; d 55e 
<4 ۱2 3 
=3| 1+ (a+) kD EDK e 
. |2 [8 
u E y. | 
+5 | 1e (toe РЕ. | 
|2 | 
The coefficient of хл 
_ (а) (a— bi)" 
2|п 
Ta +bi=r cos (a-i sin a), so that 
r= -+ V a?+- b? and tan a=, 


with the convention of Art. 20, then 


— {r (cos a+? sin АИ 0—1 sin in а) }" 
2|п 


by De Moivre’s Theorem. 
Hence we have 


7? cos 2a 73 cos Ja 
a cos b 1-45 cos a. x+ х°-! 


£ 3. 
€ X 
E | | 2 1 


where 
Sia AES ZEE үө, b 

EE VR Lb and tan a—-, 

a 


This yi asion i: legitimate for all values of a, b, 


к. (Art. 57.) 


the coefficient of x" 


нна 


апа 
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EXAMPLES. XIX. 


Expand in an infinite series 


_1+a cos 8 cos 0—a cos (0— 4) 


Р Ї--2а cos +a = 1—24 соз ф+а?ї ° 
0— 0— ; 

3. n an 0. 4, 6-054 cos (0+ a sin $). 

5. ea’ sin b0. 

Prove that 


а? 15 ЕЕ 
6. log tienen 4° sin? 0— 5c'sin'28-r 5c sin? 30— ... i, 


where гы бе, 
a+b 
de Stans Tannie =a sin @+- 1 а? sin 204.1 a? sin 36+ ad m! 
1—a cos 0 2 3 pp : 
8. > tan! (зіп а tan 28)=sin а tan B+ ; sin 3a tan? B 
+ isin 5a tan’ B+...... ad inf. 


9. Ifsin б=-х cos (8+ a), expand @ in a series of ascending power . 


10. Expand y in terms of cos a, where 


2 tan y—sin x cosec ха созес > 
11. If tan x=n tan у, апа m= I , prove that 
А mew mt Л. 
x-prr-—y—m sin 2 y-F зу sin 4у— q sin 6y+...... ad inf., 

where r is fo be so chosen that x4- rz —y lies between — 5 and -- 2; 

12. ^ What does Ше series of the preceding question beco:ne whea 
‘J’ «—cos a, and (2) n= E 

COS 2a 


[7 ; А ° : 
13, Expand log cos lá 4 в) іп a series of sines and cosines of а>. 


= (ending multiples of 0. 
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14. Expand log tan G + е a series of sines of ascending multiples 
of 0. 


15. Prove that 
(108 tan a) (14-e tan a) (1--е% cot a) (1-+e~# cot a) 
=4(sec B+ cos 0)*, 
where B= 5 —2а. 


Hence expand log (1--соз В cos 0) in a series of cosines of multiples 
of 0. 


16. Prove that | 
С. 20—203 соз30—2а% sin 40--...ad inf. 
252803 = 2A cos --2a' sin 20—242 cos30—24* sin 40-4-...ad in! 


17. Prove that 
log cos 0——log 2-+-cos 20— 5 cos 40+ соз 60—. 


g cos 40+ = cos 68—...... ad inf., 
if 0 be an angle whose cosine is positive. 

18. In any triangle where a>b, prove that 

log e=log a— $ cos C— È cos Dome E SC... ad f 


3 аз 
[ме have c'—a-L 62-246 cos С=а% (1-5 2) (1 : e)] 
19. Prove that the coefficient of x in the expansion of 


eas sin bx- sin ax 
in powers of x is 
2(8-09) 
SE m vin ee 55 - 
20. Prove that the coefficient of c^ in the expansion of 
log (a*+-5°+4-2—3abc) 
is 1[(—1)”-! 2, cos nO | 
= MT > 
(a+b) (+ b®— ab) 


where tan 0= © oF УЗ. 


2 tanc A 


CHAPTER IX. 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 
SIN Û AND cos 0. 


114. We know from Algebra that, if P be any ex- 
| pression containing x and if the value x—a would make P 
vanish, then x—a is a factor of P. 
. Hence to find the factors of any expression P we first 
| solve the equation P—0O. Also if P be of the nth degree 
we know that there are only n solutions of the equation 
Р=0. If the roots thus found are a, B, у,....к, we know 
that x—a, x—f,....%—« are factors of the expression P 
and that there are no other factors which contain x. 
We shall apply this method in the following articles. 


115. To resolve into factors the expression 
x™—2" cos n0--1. 
We have first to solve the equation 
x91—25" cos n04-1—0, 


i.e. 493—253? cos п0--соз? пб = —sin? пб, 
so that x"—cos n0—-- V —1 sin n6, 
and therefore 


1 
л 


х==[соз пё-ЕМ —1 sin n6] 
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Аз in Art. 24 the values of this expression are the 2n 
quantities 


cos Li sin 8, cos (0:77) i sin (+). 
(ruin)... 


cos ( e, 20D) 4i sin { و‎ um ) 4 


Taking the first pair of these quantities we have, the 
Corresponding factors 


x—cos 0—i sin 8 and x—cos 6+isin 6, 
or, in one factor, 
(x— cos 6)?+-sin? Ө, 
Le. the quadratic factor 
x*—2x cos 04-1. 


Similarly the second, third,... pairs of the above 
quantitics give as factors respectively 


and х%-—2х cos { ph) +1. 


Also on multiplying together these л factors we see 
that the coefficient of 3?" in their product is unity, which 
is also the coefficient of x?" in the original expression. No 
other numerical factor is therefore required. 


о 


FACTORS OF 21—247 cos пӣ +1. 13 


Непсе 
x22. 2x" cos пб +1 


={х2—2х cos 6+1) {= —2x cos (9+ =) +1 } 


{ x25 cos (0+) +1} 


ttm cos (o4 28:2, )+1} .. (1). 
By dividing by х7 we have 


45-2 cos лӣ= {1-2 cos 20} {+12 cox( 0422) | 
x x n 
2n—2 
[ni (= 7) } rd aes (2). 


The relation (2) may be written 


т=п—1 
“т? cos лб= e [x cos( 0427") } 
r= 


г=л—1 
where II stands for the product for all integral values 


r= 
of r from r=0 to т=л—1 of the expression following it. 
Similarly we may shew that 
х?Л.--2а"х" cos nO-+a™ 


=={x?—2ax cos 6+a*} БЕ cos (02) е) 


2n—2 (+4 
3# А 
) 


fa- 2axco:( 044 ag dec mosco (0 


116. The proposition of the last article may also be proved by 
induction. 
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We shall first shew that x" + -È —2 cos na is divisible by 
xt 1-2 cos а. 


Let x4 1—2 cos na be denoted by $(n), and x+ 12 cosa by Ало 


|that we have to shew that ¢(n) is divisible by A, for all positive integral 
ivalues of n. 


Assume that this is true for d(n— 1) and 4(п—2). 
We have then, by ordinary multiplication, 


( «t}) х0) = {x + Hea + A3 cos ЕШ 
= (24 5) + (e ga) -2 cos (1—1)a x (2+1) 
1 
= (e ion na} 
Hmm 2 cos (з—2) a }—2 cos a- Nef «+ 1-2 cos a}, 
hince 2 cos na--2 cos (n—2)a=4 cos a cos (n—1) a. 
Hence («+ 3 X4(0—1)=$(n) +$(n—2)—24 cos (a— 1). 
4 dt) (=+ B $(n—1)—4(n—2)--21 cos (n— 1) a...... (1). 
Now $0) 2x4 1—2 соз а=), 
and 60) = Д 2 соз2а= (=+ 1-2 cos «)(«+1 +2 os a) 
E («+442 cos а), 
зо that $(1) and ¢(2) are divisible by А. 
Hence, putting n=3 in (1), we see that $(3) is divisible by A. 
Similarly putting, in (1), n=4, 5, 6,...... in succession we see that, 
by induction, $(n) is divisible by А for all values of л. 


nam Š —2 000 na is divisible by 24 1—2 cos o. 
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1 
Again x"4- 1-2 соз лах" ma —2 соѕл (+ 2), 
and is similarly divisible by 
1 2т 
х+ x —2 cos [a+ =| B 
Proceeding in this way we can shew that it is divisible by 
жыш? eos [a+ =|, saps am En cos [a+ tas] 
x n x п ? 
and hence obtain equation (2) of Art. 115. 


117. De Moivre's Property of the Circle. 

A geometrical meaning may be given to the equation 
(3) of Art. 115. 

Let ABCD ...be the angular 
points of a polygon of л sides 
which is inscribed in a circle of 
radius a, so that, O being the 
centre, we have 


£40B— B0C— 2 COD... —?*., 


Let P be a point within, or 
without, the circle such that 
ОР=х, and 7 POA- 0. 
Then 
LPOB—64- ч ZPOC=6-+- = 
and we have 
PA?=OP?40A?—20P . OA cos POA 
=x?—2ax cos 0--a?, 
PB*—0P*--OB*—20P . OB cos РОВ 


=x*—2ax cos (017) +a, / 
n 


PC?=x?—2ax cos (e) +a, 


138 TRIGONOMETRY. 


Hence РА, PB? . РС?... to n factors 
= {st Der cos ө} (tas eo (077) e] 


{220s (о) +a} ... to n factors 


=x 2a"! cos nO +a", 


118. Cotes’ Property of the Circle. 

In the preceding article let the point P lie on OA. i.e. 
let it be on the line joining the 
centre to one of the angular points 
of the polygon. 

In this case 0—0), and we have 
BRAT РВ. PC* .. to n factors 

mM 2 O qua 
= (a), 

5 PA.PB.PC...ton factors 
=x"—a" or else a" —n, 

The first of these values must be taken when P is 
outside the circle, on 04 produced, so that x > a. 

The second must be taken when P is within the cir- 


cle. 
We therefore have 
PA PENRO Рә; TOR factors=x" дп... (1). 


Again let a, B, y, 8 ... be the middle points of the arcs 
AB, BC, CD, ... so that АаВВСу ... is a polygon of 2n 
sides inscribed in the circle, 


By (1) we have 
PA.Pa.PB.PB.PC. Ру... to 2n factors —a?n ~ gin 


Dividing (1) by (2), we get 
Pa.PB.Py...ton factors=x"4a" |. (3) 
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The equation (3) may also be deduced directly from equation (3) of 
Art. 115 by putting 6= E . We then have 
Fear 
(зах cos 2 +44) (i nas cos = at) (x2—2ax cos E +) 
чоо to n factors=x"—2anxn cos х--айп 
==х?” -p2ahxn-- a= (x +a), 
Pat PRU By a. to n factors (a9-I-a9)*. 
This is relation (3). 


ie. 


119. То resolve into factors the expression x — 1. 
We have first to solve the equation 


«хл—1=0, 
is. x —] —cos 2rz 4 i sin Qrm, 
where r is any integer, 
1 
so that x=[cos 2rr 4+ i sjn 2rz] 8 ............ (1) 


First, let n be even. 
As in Art. 24 the values of the expression (1) are 


TA DFAS IE D AAA 
cos 0 + isin 0, cos — +?sin—, cos — + i sin —, 
n n n п 
п—2 .. n—2 nv... т 
L — 
——- 7 - isin — m, cos isin —. 
. COS - + A A x + 3 
But cos 0° + i sin 0°=1, 
пто. т 
— + isin— =—1. 
and cos + = 
Hence in this case the roots are the n quantities 


Ir EMSs a 4r A 
= sin cos 1 sin 
+1, соз == Б їзїп г, = ale ЯР 


п—2 -.. n—2 
see COS =T 1 Sn —— 7. 
n + n 
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The factors corresponding to the first of these pairs are 
x—1 and x+1, i.e. the quadratic factor x2—1. 
Those corresponding to the second pair are 
т) a От 2т,.. 2r 
x cos ас and x—cos v + isin —, 
i.e. the quadratic factor , 


xi—2x cos 2 +1. 


Hence we get 5 pairs of quadratic factors. 


When multiplied together they give the correct 
coefficient for x^; so that no numerical quantity need be 
prefixed to their product. 


Hence, finally, when n is суеп, 
«%—1=(#—1) (2-2 2 +1) 


N 


(tae cos ®— zu) went ix (2. 
Secondly, let n be odd. 


As in Art. 24 the values of the expression (1) 
are now 


cos 0 + sin 0, сов?” isin 77, соз 4 isin, ,, 


n—3 .. n—3 п—1 ял 
Uo COS UT PSI с=с; cos = 7 & isin T. 


The first pair reduces to the single root +1. 


Taking the other pairs together, as before, we obtain, 
when n is odd, 


x —]1—(x—1) [229a ) [ао совт } as 


[tomm uui] MES 
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Hence we nave 
т=ў-1 

Е («2 = =), 
те п 


when л is even, and 


z 


у=”! 


x'—]—(x—1) II (=- 2x cos тты), 
т=1 
when л is odd. 
These formule can also be deduced from the funda- 
mental one of Art. 115 by putting n0—27. 
120. То resolve x? -|-1 into factors. 
We must solve the equation 
x*+1=0, 
ie. x"=—1=cos (2ra+-m) + i sin (2r7+7), 
where r is any integer, 
1 
so that ={cos (2rm--7) + i sin (2rz-4-2))^ 
=cos mit ——— + isin ——— mit. Eua Ris (1). 
First, let n be even. 


As in Art. 24, the een of the Soe (1) are 
3 Эт 
cos 7 4 i sin T, cos 77 т 4 isin, cos 37 isin, 


nm: me en GS. 


The factors corresponding to the first of these pairs are 
T s е. ИТ. 
x—cos * —i sin 5 and х—соз - +i sin –, 
n n n n 
i.e. the quadratic factor 
т 
х®—2х cos = +1. 
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The quadratic factor corresponding to the secono 
pair is 


х®—9х cos +1, ` 
апа зо оп. 


Hence, аз їп the last article, when л is even, we have 


(е2 eos Z 1 (aas eos? +1)... 


co БЕ соз us zl 
Secondly, let n be odd. 
The values of the expression (1) are in this case 
теат S&F, .. Зт 
cost i зїп = »eosr. te tsin—,... 
(п—2)т 


os (n—2)r mmo, .. nm 
cos —— —— + i sin —— —7 | cos isin—. 
n £ By Um se n 


The last pair of roots reduces to the single root —1, so 
that «+1 is one of the required factors. 


The quadratic factors corresponding to the successive 
[pairs of roots are 
3: 
x?—2x cos г +1, x—2x cos = +1,... 
122s cos 2211. 


Hence finally, when n is odd, we have 
[x+ (= cos = + (2 cos 2t +1)... 


Oen = cos 22" +1], 


We have then 


= M 
gre Ат. (s сосы rH), 
т=0 т 
when л is even, and 
3 
эл1 = (к-Е1) H (= EDs cos "rH 
r=0 


when л is odd. 
These formule can be deduced from the fundamental 
one of Art. 115 by putting nd=z, 


121. Ex. 1. Express as a product of n factors the quantities 
соз пф — cos nO and cosh пә— соз пб. 
In equation (2) of Art. 115 put x=eéi, so that x- '=e-#!, and hence 
Xx ath eti =2 cos ¢, 
and MPA noetmi-ben41—2 cos ng. 
We then kave 


2 cos лф—2 cos n0= (2 cos $—2 cos 0) [2 cos ¢—2 cos (0+ 2 
[2 cos ф—2 соз (a+ (o+ £) ЧҮ: to л factors 
ie. созпф— cos n8 =2"-1 {cos ф— cos 0) | сое ф— соз (e d | Á, 


өөө {cos ¢— cos (+ ا‎ 


= П \ cos ф— cos | s. 2m) }. 
fa 
Similarly by putting x=¢* we have 
cosh пф—соз n6 
=2" t [cosh d cos 6] [cosh 3 —cos (+ EJ 


[cosh 4 — cos (e+ Аз t. 
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Ex. 2. {fn be even, prove ikat 


m 2r 4m бт . a—2 
20 sin 57 sin = sin A sin T пуп. 
In equation (2) of Art. 119 put n equal to unity, 
z æl ambu E... +x+1 
Then, since acq D I NEN E) 
nu жай] t. 
therefore, when х is unity, S-017X 
Hence we have 
n 2т 4m 
g (2—2 cos T) (2—2 cos $2) s 
ie. =2 4 sint 5 4 sint 27 


there being 5 —1 factors, 


—23 sint Z ца 49 gins 9—2 
2 2n 
mi 2. 4r . n—2 
Hence +yn=23 sin 5 sin 57 Mises sin а (1). 
2r 43 -2 . 5 
Each of the angles 57, =, жый T 7 is less than a right angle, oo 


that cach of the sines on the right-hand side of (1) is positive. 


On the left-hand side we therefore replace the ambiguity bythe 
Positive sign and have the required result. 


EXAMPLES. XX. 


Factorise the following quantities. 


1. 84-22 сов 120°-+1. 2. x'—2x* cos 6094-1. 
3. #9 —2s8 соз T+ 1. 4. hetl. 
5 ax1. 6. 5—1. 7. 41. 


8. х—1. 9. +1. 10. z'9—1. 


[Exs. ХХ.] EXAMPLES. 145 


14, Ifn be even, prove that 


onum ran re Om Eu 
ип у 5ш 2. 2n E FE 
25. ا‎ асы 

— Соз 51 Da e pr «P 


AL. 27. п—1 mo п—1 
2 sin 5, sing sing, o n-2 * cos 5 созот pre тача 
and that 

$—1 ni 

EE 2x Ae der 
2 sin 5, від ^ sin, a=1=2 соз 25 соз 5 

2т п—1 п 
16. Prove that sin – sin — ...... —. 773r 
17. Ifn be odd, prove that 
tan Z tan 2 tan 27 AR tan 2—07 yn. 


18. Shew that cos лб 


=2"-1 (cos 0—cos x) (cos 86— соз z) оз (соз 0 —со Inl a) Я 
Prove that 
19. sin np-=2"-4 sin ¢ sin (g+ 2) ...... sin (6+ rla) 
=o TH sin (+ 7). 
r=0 


[Change ¢ into $+ » in the formula of the preceding question.) 
21, 2-1 cos ф cos (4+ 2) cos (s+ 2e)...... eos (4+ =) 


=(—1) ? sin пф, when n is even, 


EL 
and=/- 1) ® cos "d, when n is odd. 


[Changs ¢ into g+ 5 in the result of Ex. 19.] 


z 
o» 
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x — a” cos nÛ ] 7=n-1 х—асоз ( 04-7) 


ап —2а"х" cos nO gin T nxn-i 


r=0 


Un (3) of Art. 115 change x into x--h, expand and equate coefficients of 
^. Or take logarithms and differentiate with respect to x.] 
26. The circumference of a circle of rad 
parts at points P,, Р,, 
Points, prove that 


ius r is divided into 2л equal 
MS Pon; if chords be drawn from P, to the other 


БУРУ PrP yess P,Py 7n. 
Also, if O be the raiddle point of the arc РР. prove that 
OPi- ОВ... OP, =V 2rn, 


27. If A,A,.. «Aan, be a regular polygon of 2n-- 1 sides, inscribed 
in a circle of radius a, and O4.,, bea diameter, prove that 


OA, . ОА, ...... O As —an. 


28. A,A4,...... An is a regular polygon of n sides. From O the centre 
of the polygon a line is drawn mecting the incircle in P. 


1 and the circum- 
circle in P, 


Prove that the product of the perpendiculars on the sides drawn 
from P, is to the product of the perpendiculars from P, as 


соз" 7 cott no to 1, 
n 2 
being the angle between OPP, and ОА,. 
29; ABCD riis is a regular polygon, of n sides, which is inscribed in 
a circle of radius a and centre О; prove,that 
PA? - РВ». PC?......=rn— 2an" cos n0--a?n, 
where OP is r and the angle РОА is 0. 
Prove also that the sum of the angles that AP, BP, CP, ...... make, 


А. Е т" sin n8 
vin 04. OB, OC,..... jroduced is tani = Sn n 
T^ cos nÜ— a 


А A LE 
| sin 0=2 ^71 dum sin 


SIN @ IN FACTORS. 147 


Resolution of sin 0 and cos ô into factors. 


122, To express sin 0 as a product of an infinile series of 
factors. 


Б O 0 
We have sin 0—2 sin 5 cos 5 
TN Cee 
=2 sing sin (+3) oe as (1). 


Similarly in (1) changing @ into 5 апаз +5 successive- 
ly, we have 


8 0 0 д 
sin 3 —2 sin 9% зіп (5 + (= = sing 5; sin (E + 2) 


i 0 0 T 0١ 
and sin (3 +5)= = (+): зїп (^22) 


Sm , 6 
—2 sin (5 +5 G E sin (5 + 3 


Substituting these values in the right-hand side of (1) 


we have, after rearranging, 


0. 204-0 . 302-0 
sin 99 sing, sin" gg sin “a sin тя 1.2102). 


оге the formula (1) to each of the 
and arranging, we have 


Applying once m 
terms on the right-hand of (2) 


0. 27-0 ¢; 37+0 . 474-0 
sin @==27 sing sin f sin 05 sin 93 sin —3— 
624-0 . 77-0 
ا‎ еы in asin pp (3). 


Continuing this process we have finally 
rit, 240 sjn DF 
ia P 


ere p is ә power of 2. 
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The last factor in (4) 
=sin [ کہ[‎ 
=s 7 "n^ 
The last factor but one 
(Ф et 6 — [-- 20— ‘| ae 2r—0 


=sin 


and so on. 

Hence, taking together the second and last factors, 
the third and next to last, and so on, the equation (4) 
becomes 
O0. төй. = E 24-0 . 2—0) 
sin 0—24-1sin = 3 sin 707—6 — — sint —— 
1 п pl їп р in Р) sin P sin ? 


The last factor is 


Divide both sides of (6) by sin ; and make 6 zero. 


0 
Б in 6 sinô р 
Since Snik, == A ea =p, 
ane ч ae 
b _|в=о Р 10-0 
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we have 


p=2r?. sin? 4 sin’ sint тщ 


P 
Dividing (6) by (7), we have 
Е sin? Й sin? 4 зїп? 8 
sin 0=psin-] 1— me b iz № |. 
sin? = sin? 2z sin? E 
№ i P b 
sin? б 
= P COS —...... (8). 
Eni (3 e у; 
2 Ip 
Now make indefinitely great. 
Since 
. 0 
sin- 
р din ‘|, 122.0 =6 (Art. 228, Part I.), 
PAL [] 
» pro 
0 : 
sin? - sinî 73 
P |р 0 |. E cart. 228, Part1.) 
т 92. ‚тт? п? > 
sin? — -= ST 
b. ]p-e p b 


and so on, we have 


sin e-e(1- 2) (- 2) (1- =) ...ad inf. 


This theorem may be written in the form 


sin mer (1 EN 
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123. To express cos @ as a product of an infinite series 


of factors, | 


In equation (4) of Art. 122 write for @ the quantity 
4 +0, and the equation becomes 


7-20 in 302-20 . n274-20 


cos 0—2£-1 sin ор Boon RE 
. (2p— 2 
sin ge ete Жа (1). 


The last factor 
=sin [-- xw] rfid 
the last but one 
um 2| a 3n—20 


and so on. 
Hence taking the factors in pairs, as before, we have 


cos Е E20 IE "bs „3т—26 


CHO 
20 I) 20 
—9- pos 
=2 ez 7 sin? A [жеў m —sin* — 3| Bere 
In (2) make @ zero and we have 
mar ^з Ore S 
EES] sin? 5 . sin? Dp" sin® po (3). 
Dividing (2) by (3), we have 
sin? 26 зіп? z sin? 28 
کے 1 | =0 یں‎ 1— 5 1— ZO 
sin 35 sini m sin? 25 
sin? 26 
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In (4) make f infinite; then, as in the last article. we 
have 


40° 403 й 
cos ө [1481122 |11 |... 
s [: а ] [ =| ...ad inf. 


This theorem may be written in the form 


po 40* 
cos 0= Ш" [1- mre } Я 
sin 20 
И 2sin 0’ 
derived from the products for sin 20 and sin 6. 


124. The equation (4) of Art. 122 may, by means of Art. 115, be 
shewn to be true for all integral values ofp. For we have 
#P— 2x0 cos pl 


={s*—2x cos $--1) (2 соз ($+ 5) } 
{ 2-2 соз (#+ 5) +1 } урэ! to р factors. 
Put x—1, and we have у 
2(1—cos p$) ={2—2 cos$} {2-2 соз (2) dil to p factors. 
ive. 4 sinî 26 MH L4 sin! (2 - 4 sint 64 ло p factors. 


Since cos 0— the product of cos 0 may be 


2 
Put a =6, and extract the square root of both sides. We have then 
. 2+0 . (ф—1)т+@ 
tsin 829-hin £ sin ZES sin жыйы 
If 0 lie between 0 and т all the factors on the right-hand side of (1) 
are positive and so also is sin @. Hence the ambiguity should be 
replaced by the positive sign- > 
10 йе 7 and 27, all the factors on the right-hand side аге 
Positive except the last, which із negative. — — 00 
Hence the product is negative and so also is sin б, so that in this case 
also the positive sign is to be taken. M | 
Similarly їп any other сазе it may be shewn that the positive sign 
must be taken, and we have for all integral values of p, 
ii ga si 7+0 inte ‚ UD 
sin @=2? Ian реп т ? ү 
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125. Sinh 0 and cosh 0 in products. 
By Art. 68 we have 
sinh 0— —i sin (61) and cosh Ө—=соз (01). 
Also the series of Arts. 122 and 123, being formed en 
the Addition Theorem are, by Art. 64, true when for б 
we read 6i. : 


S Sh о) бе (1) 
-(i Ses) ares ad inf. 
and cosh 0 OE inf. 


40 402 46° à 
(+4) E+) inf.(2). 

‘The products (1) and (2) are convergent. For we know (C. Smith’s 
Algebra, Art. 337) that the infinite product H(1-4-us) isconvergentif the 

In the case of (1), узы 

e 1 1,1 
“(++ g++ pom } 

and the latter series is known to be convergent. 

126. Sams of powers of the reciprocals of ай 
‘natural numbers, 


From the results of Arts, 122 and 123 we can deduce 
the sums of some interesting series, 


From Arts. 122 and 33 we haye 


(Акы ie one 


sin 6 0? i : 
purae E ~ad inf. 


1 
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Taking the logarithms of both sides, we have 


* 
e(1- 2) но) em] E: 


Now, by Art. 8, we have 


lo (:-§)- go 
d т? = 


зү 


зо that (1) gives 


eS 
e 
=log [\-(- o^ )] 
(ties) Uli) 
ес 
E EA AEE (2). 


true for all values of 0 the 


(2) is 
des must be the same, and 


Since equation 
coefficients of 6? on both si 


similarly those of 9, and so on. 
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Hence we have 


РД 1 1 Е i 
(адаа м) 1, 
ДОРТ m 
lua. .ad int)=— —186', 
Непсе n tatao ай іп —-—...... (3), 
апа па. „аали: сэ $7 (4), 


127. By proceeding in a similar manner with the 
result of Art. 123 we have 


1 +) дү =) 
2) 0 Se) Bape] 
so that 


40 462 
log ( 1 — 1) вт m) 4 log( 1 2) 


+ +...=log =F 42 $ 
| 24 “| 
Непсе аз am 


—40p 11681/ 1 1 1 
ТОРА ТЕ ie tg. JE p ит ++.) 


sajle] 
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Hence, equating coefficients of 6* and 6, we have 


1 1 e 
and hence tat B це = pes (1), 
а 1 1 1 a 

nd pratat оле Бре (2) 


128, Wallis’ Formula. 


In the expression of Art. 122 put в=5 , and we have 


71.3, 35,527 (2n—3)(2n—1) , (2—1) Cnt) 
Ley» — y ^ 


——— 


20 = J (21.1), where n is infinite. 


ot necessarily infinite) then 


Le. 


— nn, ultimately. 


This is called Wallis" Formula, and gives in à simple form a very near 
approach to the product of the first n even numbers divided by the first n 


odd numbers when л is very great- 
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129. Ех, Prove that 


1 1 
im су. Заа t 
From Art. 123 we have 


1 
EM 
407 46 4 
log cos н (128g | + 0) 
ng +A for 0 we have 
4 
1-45 (0+-4)'] + 10g 
Now log cos (0+h) =log [cos 0 
=log cos 9--log [i-2* 


In this equation substituti; 
log cos (0-4) =log | 


=log cos 9—4 tan 0+ pow 


Als log [1—5 (0+ tog = аа ahs ] 
slog [-£]- ROT of A, 


log [1—, +] 
=log (= 


Stell gaga H Powers of А. 


80 80 86 
tan бая + ата 5ез=рсЕ.........(3) 
=o 
us 86 


r=0 (271) 
The series (3) may also be written 


[The student who is acquainted with the Differential Calculus will 
Observe that equation (3) is obtained by di tiating (1) with respect 
to 6.] 
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130. Ex. Prove that 
cosh 2a—cos 20 


=2 sim |+ [+ (2) ] 
2 a M а y 5 
so albe elt 
م جد‎ (stall 
where r is zero or any positive or any negative integer. 
We have 
cosh 2a—cos 20—cos 2 
=2(0+ ai) [1— (а) [- eror... 
x (0—ai) [- а os 
Nw 


Now [- (0+ ai)*] [3 
T 
ni d Em) 

Jette 0 а) = oe xs) 


_ (++i. (я 6)%-а? 
ae рр аа 


ai—cos 20—2 sin (8+ ai) sin (0-a) 


H 8 
a с | 
[eae] ERE E O): 


Та (2) put а=0 and we have 
2 sin? a E... Egg ыл, ad inf......()- 
Dividing (2) by (3) we bave 
cosh 2a—cos 20 : vs 
=з dig] [i (a) IL Са (a 
P z 
e ate ad inf. 


The factors of cosh 2a-+cos 20 may now be obtained by chan ging 0 
а 

into 0+ 7 and ed to be Dost FE (T + (Gere) | where 

r is any odd integer, positive or negative- 
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Prove that 

Lh nth ditus ad int= 7, 
+++ ue ad ing =6 Gr) 

| sra Tagus 2 ad in. = 5 
net s+ Oy gh giro Sr) 
5. 


6. Prove that the sum of the products, taken two and two together, 


of the reciprocals of the Squares of all numbers is La 
Prove that 
1 20 20 
7. cot C= 0 — gag =. 
ED eil 1 1 1 
Ca gt gn ula Opin + 
созес g1 1 — 1» 1 1 1 І 
$ f 0-7 Ora 0-202 E (EE 
=; "X Cu) 
a+ HD) та, 
and hence that 
1+0 cosec 0 1 1 
2@ = 


5 1 0 0 
[e the relation созес 0= 2 (tan $ + cot 3) с ] 
8; 1 see бш lo OU 3 d inf. 
(07 O PLIRT grad Ба 49а oes ad inf. 


| Use the relation 2 sec Ó—tan G + 5) + cot G + 3) Я ] 
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1 1 1 1 1 
10. sect 0= 
кс? GIF GFI GF (3—20 
[Apply the process of Art. 129 to the result obtained in that article. 
1 +...ad inf. 


1 1 1 1 
її. cosect 0= 5+ =a FT СЕУ OF 
Prove that 


y, 5869 (1— (171 (071) 
(145224) 1-5) pu 


egative integer or zero. 


pto inf. 


=й (1-25). where r із any positive or n 


sin (a+) _ 0 one Б 
13. а =u(1+=5); where r is any positive or negative 
integer, including zero. 


м. «з (at ے‎ (147 (= 0 ) (+z) 1—8 = | 


a—2a, 


3 


20 3 ^ d 3 
[1+]: where r is any odd integer positive or negative. 
cos (a—0) _ 28 4 » Ё. 
15. AEN =ці! uu) where r is any odd integer, positive 
or negative. 
cos 04-соз а e NIC а 
1 CUT eel eli e 3 
ge 


Sero Po 


-n[1- c] 


where r is any odd integer positive or negative. 
[Multiply together the results of Exs. 14 and 15 and then change 20 and 


2a into 0 and a.] 
cos—cosa f, 6 {к\з= e 
Y. “eos a = hia Germ] 


P ata) Pre ar 


e 
-u[- ec 
or negative integer, including zero. 


where r is any even positive 
x— cos a. 


Hence deduce the factors of cosh 
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à Side (i-re te 


sin 7—a, т+а 
(5 
19. 2 cosh 04-2 cos a 


a e e 
ee Р] eR M. 
a e 
=4 cost $ I1 [1+ EE 
where r is any odd integer positive or negative. 
20. Prove that 


rn) sinh? 5 
sinh nu=n sinh и п, Шс 
r= д 
L sin? ج‎ 
on for sinh и in the form of an infinite product of 


› 
and deduce the expressi 
quadratic factors in и. 


[Start with the result, when 0 is zero, of Ex. 1, Ал. 121. Tn this resul 
ut $ equal to zero and divide.) 


21. Prove that the value of the infiite product 
(i+ Ын] ate 


23. The radii of an infinite series of concentric circles аге а, =й x 


From a point at a distance (>a) from their common centre a tangent 
is drawn to each circle, Prove that 


sin б, sin 6, sin 0, 2825, 
where 0,, Os, б, 


are the angles that the tangents subtended at the 
common centre. 
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24. An infinite straight line is divided by an infinite number of points 
into portions each of length а. If any point P be taken so that y is its 
distance from the straight line and x is its distance measured along the 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the point P from all the 
points of division is 


r sinh 27 
аў ah 27 — cos 2 
a a 
[Use the result of Ex. 7.] 
25. Ifa, b, €... denote all the prime numbers 2, 3, 5.....- prove tbat 
(i-3) 0-3) (1-4) — - > 
"S (13) (3) (14) = 
26. Prove that 
"ш 1 a] 
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134. Natural Sines. Suppose we have а table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h. 


[In the case of our ordinary tables h=number of 
radians in 1 


т . 
= 605180 — 000290888... ie. A<+0003,] 


Also let k be less than f. Then our principle was that 
sin (0--KF) —ssin 0 _ k 
sin (л) зп ð A 

We shall examine this assumption. 

We have 


sin (0-I-k) —sin 0—sin 0 cos k+-cos 0 sin k—sin б 
4 Pw K3 а 
=sin ‘ate «] -Fcos e[e- 5 «] — sin 6 


(Arts. 32 and 33) 
=Ё cos pu hs [2 sin 0— po (Же 
The ratio of the third term to the first— 1 Kk and this 


is always less than Û (-0003)?, i.e. always less than ۰00000002. 


The third and higher terms ma 


у thercfore be safely neg- 
lected, and we have 


sin (04-А) —ѕіп #=К cos — sin 0 


The numerical ratio of the second term to the first 
term 
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т 

2” 
Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have 


sin (8+k)—sin 0=k cos 0. 


This ratio is small, except when @ is nearly equal to 


So sin (6--А) —sin =k cos 0, 
A sin (0+4) —sin O _ k 
and hence EEE EE EOS (3). 


When 6 is very nearly a right angle we cannot say 


that 

sin (0-]-k) —sin 6=k cos б, 
and hence in this case the relation (3) does not hold and 
the difference in the sine is not proportional to the dif- 
ference in the angle. In this case then the differences 
are irregular. At the same .timé the differences are 


insensible; for, when 0 is nearly, k cos @ is very small, 


In fact k cos @ has nothing but ciphers as far as the seventh 

place of decimals, so long as @ is within a few minutes of 

aright angle. Also 

(0003)? 
2 


SEN 0 is always , 1.6. «700000005... 


E 
Hence when the angle is nearly a right angle a com- 
paratively small change in the sine will correspond to а 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


135. Natural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sine. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular. 


136. Natural Tangents. With the same notation 
as before we have 


__ Хап 0+tan k tan k sec? 0 
E Ta RFE 
—tan k sec? 0(1 + tan 0 tan k--tan? 0 tan? ES) 


=sec? [+$ [m (+ T +.) 


"tan? Q(£4....) | (Art. 34) 


sin 0 1 
=k sec? ore ES th seer оі tan? 0|4-...... (1). 
The third and higher terms may be omitted as before 
except when is nearly a right angle. 


in 0 
279 be large we shall then 


Unless the quantity да 
have 
tan (04-Х) —tan 0—k sec? 9 
and the rule is approximately true, 


When 6 is ee the second term of the equation (1) is 


>2Ё, so that taking the greatest value of k, viz, about 


1 give a significant figure in the seventh 
place. The Principle is therefore not true for angles 
greater than P when the differences of the tabulated angles 


аге 1°. 
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137. Natural Cotangents. As in the last article it 
сап be shewn that the principle must not be relied upon 
for angles between 0 and 45°. 


138. Natural Secamt. We have sec (@--Ё) —sec 8 


1 1 
© cos 0 cosk—sin @sink cos Ó 


=sec 0 —— Lr -1 
1—k tan 0— xP... 


=sec oft tan 0-12 (icem o) a | 


=k sec 0 tan 04k? sec 0 G -+tan? 0) + 12108 (1). 
The ratio of the second to the first term 
1 
2 -Ftan? 0 
tan 0 


=k =|; cot 0--tan д) 


This is small except when 6 is nearly zero ог H Hence, 
except in these two cases, we have 

sec (0--k) —sec 0=k tan 0 sec 0 
and the rule is proved. 


When @ is small the term k sec 0 tan 0 is very small, 
so that the differences arc insensible besides being irre- 


gular. 
‘When 9 is nearly 9 this term is great, so that the dif. 


ferences are not insensible. 
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139. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the differences are insensible 
and irregular when @ is nearly 90°, and irregular when 0 
is nearly zero. Otherwise the principle holds. 


140. Tabular Logarithmic Sine. Wc have 
Ly sin (8--E) — Ly sin 0—10, a 


—logyo[cos k+-cot 6 sin X] —logi, [+e cot 0— z «] 
(Arts. 32 and 33) 
2 
- |е ot 6-5-1 k? cot 0+... | (Arts. 8 and 12) 
2 
=pk cot 0— = cosec? б.... 


The numerical ratio of the second term to the first 
іре Шы 
. 2° "sin @cos Ө sin 20° 
This is small except when @ is near zero or a right angle, 
Hence, with the excepiton of these two cases, 
L sin (0--k) —L sin 6—p cot 0xk, 
so that the rule holds in general. 


we have 


If @ be small the term yk cot Ø is large, so that the 
differences are large as well as irregular. We cannot 
therefore apply the Principle to small angles in the case 
of tables constructed with difference of 1’. 

Even if the tables were con 
10" we are not sure of being free 
, of decimals unless 0 be > 5°, 


structed for differences of 
from error in the 7th place 
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т pk? 
If 0 be nearly 5 the terms pk cot 6 and 5- соѕес? @ are 
Уо pi 2 1 


both small, so that if the angle be nearly a right angle the 
differences are insensible as well as irregular. 


141. Tabular Logarithmic Cosine. The rule 
holds approximately, since the cosine is the complement 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, in which 
case the differences are large. 

142. Tabular Logarithmic Tangent. Here 

tan (8--K 
L tan (0+K)—L tan 6—logio эт (Ê) 8 ) 


227 l+cot 0 tank io 1+k cot @ 

=losıoT—tan f tank 0819 | Ik tan 6 

—logy[(1 +k cot 6) (1-- tan 0+4? tan* 0--...)] 
Bln ele: 

=logie|! + aa Tec cost 77 


k e 1 eg 
IM eî FT +.) 


Заб сяб 
(Arts. 8 and 12) 
ie сс 
= еси п said С 


The numerical ratio cf the second term to the first 
=k cot 28. This is small except when 4 is near zero or a 


right angle. 


Hence, with the exception af these two cases, we hav 


9 
pep 


Lan (0—4; —L тал REET k, 


so that the principle is in general true. 
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In each of the exceptional cases inka is not small, so 
sin 20 


that the differences are then irregular but not insensible. 
The same statements are true for the tabular loga- 
rithmic cotangent. 


143. Tabular Logarithmic Secant and Cose- 
cant. We have 


L sec (0--k) —L sec 0—L cos 8—1, cos (6+-k) 
and L cosec (8-+-k) —L coser 0—L sin 0—L sin (04-K). 


Hence the results for the L sin and L cos are also true 
for the L cosec and L sec. 


CHAPTER XI. 
ERRORS OF OBSFaVATION. 


144. We have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case. Our observations 
are liable to two classes of errors, one due to the instru- 
ments themselves, which are hardly ever in perfect adjust- 
ment, and the other class due to mistakes on the part of 


the observer. 


145. An error in any of our observations will clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192, Part I., there be a small error in the value of a, there 
will be a consequent error in the value of x which, as 
we sec from the result of that article, depends on a. 


146. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring a piece of wood, about two metres long, a 
mistake of three centimetres would be a very serious error; 
in measuring a 500 metre racecourse а mistake of three 
centimetres would be not worth considering; whilst in 
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measuring the distance from the Earth to the Moon an 
error of three centimetres would be absolutely inappreci- 
able. 

147. We shall assume that the errors we have to 
consider are so small that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities, 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 


calculation but only with errors in the original observa- 
tion. 


148. Ex. 1. MP (Fig. Art. 42, Part I.) is a vertical pole: at a point 
O distant a from its foot its angular elevation is found to be 0 and its height then 
calculated; if there be an error $ i 


in the observation of 6, Sind the consequent 
error in the height. 


The calculated height h=a tan б, clearly, 

If the error § be in excess, 
real height h’=a tan (0—5). 

Hence the error h—h’=a tan 6—a tan (0—8) 


the real elevation is 0—5, and hence the 


— sinô T 5 
сов б cos (05) ^ Sec" 8. à, 
if we neglect squares and higher powers of 5. 

"The ratio of the error to the calculated height 


Except when sin 20 is small this ratio is small since $ is small. 
least when sin 20 is greatest, i.e. when @ is A 
The ratio is large when 9 is near zero and when it is near z 


Hence a small mistake in 


the angle makes a relatively 1 i 
; y large mistake 
in the calculated result when the angle subtended is very small or when 


It is 


it is very nearly 5. 
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When @ is small, both the calculated height and the absolute error, 
viz. а tan д and а sec? @. 5, are smiall, but the latter is great compared 
with the former. 

When 6 is nearly 90°, both these quantities are great. 


Ex. 2. The height of a tower is found as in Art. 192, Part 1.; if there 
be an error 0 in excess in the angle a, find the corresponding correction to be made 
in the height. 

The real value of a is a— 6; hence the real value of the height is 
found by substituting a—@ for a in the obtained answer, and therefore 


sin (a— 0) sin В sin a cos 0— cos a sin 0 


=“ în (Bato) “PF gin (о) cos OF cos (=a) sinê ® 
— asin asin f 1—@cota (Arts. 32 and 33) 3 


‘sin (B—a) ' 10 cot (B—a) 
= sin asin B ri 9 cot а](1—0 cot (В—а)+....-] 


sin (B—a) 
T p Ed [1— &(cot (8— a) cot а}] 
= “sin asin В asin? В 


sin (8а)  sin® (8—а), 

The error in the calculated height is therefore 0. aig) and is 
one of excess. 

Also the ratio of the error to the calculated height 

Ө зіп B 
= sin asin (f—a) 

Ex. 3. The angles of a triangle are calculated from the sides а=, 
b=3, and c—4, but it is found that the side с is overestimated by a small 
quantity 5; find the consequent errors in the angles. 

From the given values of the sides we easily have 
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Corresponding to the value 4—6, let the values of the angles be 
А—9,, B—6,, and C— 6,. 


3+ (4—5)"—2° _21—85/, буз 
Then соз (4—0,)= (1—5) (1 


2(4—5).3- ~~ ae — 4] 5 
1 SINT 11 
ie соз A+sin A. 0= z; [21—85] [1+ 3] -3[- 28] 
[Arts. 32 and 33] 


fe. 


so that 


4—5)--21—3* 11—85 8)2 
Aba ex (#—в)= Cz цв Lalo 


un ipn B. a= prag) [1+ q-%["- 212} 
he. 


so that 


2-9'-(4—830 _gig 
Also GD сш шш 


5يا £ ; 

i.e. 3t Urine d 
84/15 

зо that ; AS 8: 


The errors in the angles are therefore 
—1l415 =21V15 . 324/15 
180 ^q баһа VIS و‎ 
50 that the smallest angle has the least error. 
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EXAMPLES. XXII. 


1. The height of a hill is found by measuring the angles of elevation 
а and В of the top and bottom of a tower of height Ё on the top of the 
hill. Prove that the error in the height Л caused by an error @ in the 
measurement of the angle a is 0 . cos B sec а созес (a— B) times the cal- 
culated height of the hill. 

2. Ata distance of 100 m from the foot of a tower the elevation of 
its top is found to be 30°; find the greatest and least errors in its cal- 
culated height due to errors of 1’ and 50 cm in the elevation and 
distance respectively. 

3. In the example of Art. 196 (Part 1.) find the errors in the cal- 
culated values of the flagstaff and tower due to an error 5 in the ob- 
served value of a. 

If a—1000/m, a=30°, B=15°, and there be an error of 1 m in the 
value of a, calculate the numerical value of these errors. 

4. AB is a vertical pole, and CD a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of clevation at C and D of the top of the pole are found to be 


4 =p 
3 and i respectively. Find the height of the pole having given that 


CD —35 metres. 

Prove that an error of in 1’ 
will cause an error of approximately 
the pole. 

5. The elevation of the summit of a tower is observed to be a at a 
station А and B at a station B, which is at a distancec from A inthedirect 
horizontal line from the foot of the tower, and its height is thus found to 

csin а sin В 

sin (a—) 

If AB be measured not directly from the tower but horizontally and 
in a direction inclined at a small angle 8 to the direct line shew that, to 
correct the height of the tower to the second order of small quantities. 


the determination of the elevation at D 
8 cm in the calculated height of 


thi d ccos asin? B. @% i 
© quantity orat (as р) sin (a=A) 2 must be subtracted 

6. A, B, and C are three given points on a straight line; D is 
another point whose distance from B is found by observing that the 
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angles ADB and CDB are equal and of an observed magnitude 0; prove 
that the error in the calculated length of DB consequent on a small 
error in the observed magnitude of 0, is 
2ab (a+b)? sin 0 
~ (аз--5%—2аБ cos 20) 
approximately, where АВ=а and BC=b, 

7. In measuring the three sides of a triangle small errors x and y 
are made in two of them, a and 5; prove that the error in the angle C 
will be -ў cot A— 5 cot В, and find the errors in the other angles. 
8. Ina triangle ABC we have given that approximately a—36 m, 


5-50 т, and C=tan-1 2, find what error in the given value of a will 


cause an error in the calculated value of ¢ equal to that caused by an 
error of 5” in the measurement of С. 
9. A triangle is solved from the parts C=15°, a—4/6, and 5—2; 
prove that an error of 10" in the value of C would cause an error of about 
13-66” in the calculated value of B. 
10. Two sides b and c and the 
are supposed to be known; if there 
angle А, prove that 


(1) the consequent error in the calculated value of B is 
— 6 зіп B cos C cosec А radians, 
(2) the consequent error in th. 
and (3) the consequent error in t 
0 cot A times that area, 
11. There are errors in the sides a, 


; 5, and c of a triangle equal to 
ху J, and z respectively; prove that the consequent error in the calcu- 
lated value of the circum-radius is 


included angle 4 of a given triangle 
be a small error 9 in the value of the 


е calculated value of a is c sin-B . 8, 
he calculated area of the triangle is 


1 
3 cot A cot B cot C [x sec 44-y sec B+ z sec C]. 
12. The area of a tria; i 
sides and the limit of €rror possible, 


gth is л times that len, h i 
in the case of the tri noue еы 
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13. The three sides of a triangle are measured and found to be 
nearly equal. If the measurements can be wrong one per cent. ih excess 
or defect, prove that the greatest error that can arise in calculating one 
of the angles is 80’ nearly. 

14. It is observed that the elevation of the summit of a mountain at 
each corner of a plane horizontal equilateral triangle is a; prove that the 
height of the mountain is 

18 a tan 
quem 
where a is the side of the triangle. If there be a small error rf in the 
elevation at C, shew that the true height is 
1 sin n^ 
J a an o [t iow 
oe 
The Student, who is acquainted with the Differential Calculus, will 
see that the results of some of the examples in this chavter may be more 
easily obtained by simple differentiation. 
Thus, in Ex. 2 of p. 173, the height x of the tower 
asin a sin B 
= sin(B-a' 
If В be constant, and a vary, then, by differentiation, 
dx 3 cos asin (B—a)+sin а cos (8— а) 
С „cos a sin (В а) типа у 
CET ME sinî (B—a) , 


inî 
з SED, 
sin’ 


giving the small change 5x in x due to a small change да in a. 
Again, in Ex. 7 of p. 176, we have 
a+ 01-3 
cos C= ¬ 
Hence, с being constant, we have, on differentiation, 


а С.5С= (2a5a--255b) . dae) (a8b+bôa) 


_ b. 2ae cos B. Sata. 2becos А. Bb 
2а%Ь% j 

cos B ccos A $a 5b 

BP аб а Ber tA 


CHAPTER XII. 
MISCELLANEOUS PROPOSITIONS, 


Solution of a Cubic Equation, 


149. The standard form of a cubic equation is 
X 39y 35-00, 
=x—a, and this equation becomes 


#®—3(a—b)x-+ (26 3ab 4-e) =0, 
te. it becomes of the form 


Put y 


33—3px--9—0 
Hence any cubic equation can be 
(1), which has no term containing xi, 


SITE ea a eO (1). 
reducea to the form 
150. To solve the equation 331—36x--9—0, 
Put x— z, and we have 
Z —3prn?z4-qgn3—0 
Now, by Art. 107, we always.have 
Cos 30—4 cos? 0—3 cos ө, 


so that cos? g— 1 cos pul 


j 
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Now (2) and (3) are the same equation if 
= 23 1 з 
+ z—cos 0, 3pn?— Р апа 7s 30—qn*. 
Hence (8), 
and therefore cos 30= -^(s) a dei OG (4. 


The equation (4) can always be solved (by means of 
the tables if necessary) if à 


А 
b be positive, and 49 (as ) =й 


ie. if gi cap. 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan's Method. It 
is the case when the roots of the original cubic are all real.) 


If 0 be the smallest angle satisfying equation (4), then 
the values 0427 and = 


also satisfy it, so that the roots of the equation 
хз—3рх--д=0 
аге : cos б, : en ( o). and - cos (+ 3) 
Le. 24/p cos 0, 24/p cos (0-2), and 24/p cos o+ en 
[Sec also Ex. 81, Page 203.] 


151. Ex. Solve the equation 
33-4 632--9x4-3 —0. 
Put x—y— 2, and the equation becomes 
y—3y+1=0. 
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z 
Put у== 


› and the equation is 


ie if Е 
апі 


cos 30——1 cos 120° 
The roots of (3) are clearly 


40°, 40°4- 120°, and 40°-4-240°, 

зо that z=cos 40°, or cos 160°, or cos 280°, 
+. J=2 cos 40°, or 2 cos 160°, or 2 соз 280°, 

“+ x×=ر-2=‎ 9.4 Dens 40°, or —2—2 cos 20°, or —24-2 cos 80°. 

On referring to the tables we then have the values of x, 


EXAMPLES, XXII. 


Solve the equations 
1. 2523,1 -0. 2 294-3521 =0. 3, 
4. 5%—6хї-1-бх--8—0. 
6. x4 1=0. 


22—24х—32—0. 
5. 214729, 
7. эз—7х-15—0. 


Maximum and Minimum Values. 
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We have 2 зіп x sin y=2 sin x sin (а—х) 
=cos (a—2x) —cos a. 

Hence 2 sin x sin у is greatest when cos (a—2x) is 

greatest, i.e. when a—2x, and therefore 
a 
aa А 

The product is therefore greatest when the angles x 
and y are equal. 

Let there be three angles x, у, and z whose sum is 
equal to a constant angle B(+7)., If, in the product 

sin x sin y sin 2, 
any two of the angles x and y be unequal, we can, by the 
Preceding part of the article, increase the product by 
Substituting for both x апа у half their sum without in- 
creasing or diminishing the sum of the angles. 

Hence so long as the angles x, J, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles x, y, and z are equal. 

This argument can clearly be applied whatever be the 
number of the angles, x, J, Z- - -- 


153. We can now shew that the maximum triangle that 
can be inscribed in a given circle is equilateral. 

For, if R be the radius of the circle, we have (as in 
Ex. xxxvı. 10, Part I.) the area of the triangle 

— 2R? sin A sin B sin С, 
where A+B4C=2n, a constant angle. Ву the preced- | 
ing article it follows that the triangle is greatest when | 
A=B=C. 
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154, Ex. Find the minimum positive value of the quantity 
a? tan x--b* cot x. 

Let а? tan x+-6? cot х=у, 
so that @ tan? x—y . tan x--53—0. 

Solving this quadratic equation, we have 

(Em EE VFR 
2а% 

Since tan x is real the quantity under the radical sign 
must be positive, so that J? must be L4a, 

Hence the least value of y is 2ab, and the Corresponding 


Ed 
value of tan x is ^. 


EXAMPLES. XXIV, 


1. Ifrd-y be a given angle, less than z, prove that 
(1) sin x+sin y, and (2) cos x созу 
both have their greatest values when x=. 


2. If x+y be a given angle, < Prove that both cos x- cos y and 


cos? x--cos? y have their greatest values When xy, 
Find the greatest, or least, values of 


2 cos 0 V3 

3. WS I od: 4. asec 0—b tan û. 
cosec! 0—cot 0 

5. cosec" GF cot 6. atsin? 94.5% cosect9, 


7. a" sec? 04-02 cosect 9, 


ims via ot ^ given angle 2a, which is Iess than а, find th 
minimum value of 


8. tan x--tan y. 
9. sec x+sec y. 
We can easily prove that 
Тае 1 1 
зес = 
diy 4 ES (a—s)—sina + cos (a—x) + sin jd 
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10. If x+y=a, where a is +5, find when tan x tan у isa maximum. 


2 соза | 


We have 1— eee COT TE 
[ ave l—tan х tan y= соз Ecos (a—2x) ` 


1l. Prove that the maximum triangle having а given perimeter is 
equilateral. 

Th з А. ee By «С 

е area of a triangle сап be proved to equal s* tan g tan 3 tan. 


12. Ifx, y, z... be angles whose sum is equal to a given angle, and if 
cach of the angles be positive and less than a right angle, prove that the 
Product cos x cos y cos z......is greatest when the angles are equal. 

13, If ABC bea triangle, prove that the quantities sin Asin B+sinC 
and sin A sin'B sin C have their greatest values when the triangle is 
equilateral. 

14. Prove that the area of the pedal triangle of an acute-angled 
triangle is never greater than one quarter of the arca of the latter. 


15. If ABC be a triangle, prove that the least value of 
cos 24-keos 2B+cos 2C is — 5. 


Prove also that cos A+cos B+cos C is always >1 and not greater 


than » 


16. If ABC be a triangle,,prove that the quantities 
cot A+cot B+cot C and cot? A+cot*B+ cot*C 


both have their least value when the triangle is equilateral. 


On the geometrical representation of complex 
quantities. 


155. In Chap. IV., Part J., we pointed out that ifa 
distance in any direction (say; horizontally towards the 
right) be represented by а, then —a represents the same 
^istance drawn in an opposite direction, i.e. horizontally 


vowards the left. 
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The effect of prefixing — to a is therefore (Fig. Art. 
48, Part I.) to rotate OA in the Positive direction through 
two right angles. The operation — 1 performed on a 
therefore means turning a through two right angles. 


156. Now V=IxV—] =—1; hence whatever raean- 
ing we give to the operation УТ it must be such that 
performing that operation twice shall be the same thing as per- 
forming the operation —1, 


Let us therefore assign to the operation УТ the 
turning. any length through one right angle in the 
positive direction. Performing the operation VIT on a 
twice will therefore, as it should do, turn a through two 
right angles. 

Hence, with this interpretation, МТ а means a line 
drawn at right angles to the line denoted by a, 


157. We can now shew what is denoted by 
xLVYV—D J. 

Draw OX and Or two lines at right angles, “Measure 
along OX a distance ОМ equal to x and | 
then draw MP parallel to OY and equal 
to j, so that MP represents V —Iy. 

Then P is the point that represents the p 
quantity x+ V =I y, Ог, again, we may © C] 

say that OP is the line representing this quantity. 
We have OP=V OMT MIPI- VR, 


and ZLMOP=tan-1 МР _ у 
Om tan Mis 
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Hence the length of OP represents the modulus and 
MOP the principal value of the Amplitude of ++i- 
(Art. 18.) 


158. Addition of two complex quantities. 
Let OP represent the complex quantity x-+iy and 


OQ represent u-+iv, so that Y 
i ON=x, NP=y, ОМ=и, 
гапа MQ=». Ж! 
Complete the parallelogram 4 ^is 
ow NL X 


OPRQ, and draw RL perpendicu- 
lar to OX and PS perpendicular to RL. 


Since PR is equal and parallel to OQ, we have 
NL=PS=OM, and SR=MQ. 
Hence OL=ON+NL=*+4, 
and LR=LS+SR=9+0. 
Therefore OR represents the complex quantity 
xfuti(y+v), 


о complex quantities is repre- 


arallelogram whose two 
plex quantities, 


so that the sum of tw 
sented by the diagonal of the p: 
adjacent sides represent the two given com 


159. Let 

x-+-iy=r(cos 04-і sin б), 

as in Art. 18. 
Then 

(cos ati sin a)(x+iy) =r(cos a Fi sin a) (cos 0+i sin 6) 

—r[cos (2+6) +i sin («4-0)]- +-+ (1). 

Now s[cos-6-+4 sin 6] 

means, with our interpretation, а line of length drawn at 

an angle @ with OX. 
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Also r [cos (a4-6) +i sin («4-6)] 
means a line of the same len; 
with OX (Art. 157). 


Hence, by (1), the effect of multiplying x+iy by 


COS a--i sin a is to turn through an angle a the line that 
represents x J-iy. 


gth 7 drawn at an angle a+ 


160. Geometrical meaning of De Moivre’s Theorem 

The quantity | 
(cos a-+isin а) (cos Bi sin B) (cos y+isin y) (cos 8-I-isin 8) 
means the line represented by cos 84î sin $ turned first 
through an angle y, then through В, and finally through 
a, i.e. altogether turned through a+B+y. 

But this total operation gives the same line as 

[cos (a+8+y) +i sin («4-84-y)][cos ô-+i sin 8]. 

Similarly for any number of factors, 

Hence De Moivre’s .The 
the geometrical fact that to t; 
of angles successively has th 
line through an angle equal 


orem expresses algebraically 
urn a line through a number 
€ same effect as turning the 
to the sum of the angles. 


and 


so that we have 


d O--i sin 0) (cos 0-+3 sin 0) (cos 047 sin 0)=1, 
Wa 
(cos 27 +isin з) (cos ET 


3 +i sin) (27 + sin 2) =1, 


3) (cos CE гт 


Азу СА, 
апа (em t +i sin s) (6:4 +i sin £j. 
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А The first of these equations states that turning а line three times in 
Succession through а zero angle gives the original line. 
The second states that turning it three times in succession through 


an angle = (i.e. altogether through 27) gives the original line. 
The third states that turning it three times in succession through an 
angle EU (i.e. altogether through 47) gives the original line. 


4 
These statements are all clearly truc. 


161. Multiplication of two complex quantities. 


If x-Fiy-r(cos 8-1-1 зїп б), 
апа u-iv=p(cos ф-Е1 sin $), 
we have 


(ийш) (x-Liy)=rp[cos (@--ф) +i sin (#-+-ф)]. 
The effect of multiplying a complex quantity x+y 
by another u-+-iv is therefore to turn the line represent- 


ing x-+iy through an angle 


v 
¢ [i tani al; 
and to alter its length in the ratio 
1 ip, ie. 1: V+. 


Hence the multiplying of one complex quantity b: 
another is represented by “ a turning and a stretching." 
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MISCELLANEOUS EXAMPLES. XXV. 


1. Prove that the equation tan x=kx has an infinite number of real 
roots. 


2 IfA В and C be the angles of a triangle, prove that 


1—8 cos A cos B cos С 
is always positive. 


3. If a and В be the imaginary cube roots of unity prove tha 
9 z[V3 . 4/3x V3x 
entire [Y sin YO + cos УЗЕ] 


4 IMs be las ian а radian prove that x52, |S az very | 
cos x i 


nearly, the error in the left-hand member being nearly EA 


ET 
5. Ifcos (0-46) —sec (a+-if), where % В, 0, and ¢ are all real, prove 
that 


tanh? $ cosh? 8—sin? a and tanh? B cosh? ¢=sin? 9, 


6. If ¥= cos a cosh B and y—2 sin a sinh В, 


prove that 
sec (24-48) +вес (a—ig) = 4 


хї-+у%, 


sec (а-Н{8)—зес (a—if)= ae 


and 


7. Prove that 


sin” $ cos n0+-n sin^-! ф cos (n— 1) sin (0—9) 
n(n—1) . 


+ гуд sin $ соз (n—2)0 sint (0—4) -Fsin» (0—4) 
8, Prove that the roots of the equation кашы 


х9 Чп n0—nx9-1 sir. (ng 4-4) 4 (9—1) 


I2 ein (1044.24) 
Tto: (n-4- 1) terms=0, 
х= (04+6—% 2) cosec (С 2), 


Mine па integer and has ау integral valê fon Û to na]. 
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9. Prove that the sum to infinity of the series 
A lsin? @ , 1.3sin* 8 
sin Өф 5 —,— س کے‎ 
ne Жору UE ugs 
, if 0 be acute, and, generally, is nr + (—1)^ 0, where n is so chosen 
that nm- (— 1)" @ lies between -3 and +3. 
kis : If the arc of a circle of radius unity be divided into n equal arcs, 
- right-angled isosceles triangles be described on the chords of these 
ue as hypotenuses and have their vertices outwards, prove that when n 
indefinitely increased the limit of the product of the distances of the 
n 
vertices from the centre is 2°, where a is the angle subte: 
at the centre. 

: 11. The sides of a regular polygon of n sides, which is inscribed in a 
EE meet the tangent at any point P of tho circle in A, D, C, D...... 
Prove that the product PA.PB.PC.PD =a" tan n’ or a", accord- 
ing as n is odd ог even, where a is the га 
angle which the line joining P to an angular point subtci 
circumference. 

m A regular polygon of n sid 
Point in the circumference chords are 
these chords be denoted by сі, €9€, 
to the nearest angular point and taking the 


, Quantity 
H суса t casg t -Hinin — On 


is independent of the position of the point from which the chords are 
wn. 
13. A series of radii divide the circu 
paru; prove that the product of the perpendiculars le 
point of the circumference upon n successive radii is 


y 
gy sin 8, 
where r is the radius of the circle and 8 is the angle between one of the 
extreme of these radii and the radius to the given point- 
14. Ifa regular polygon of n sides be inscribed in a circle, and / be 
the length of the chord joining any fixed point on the circle to one of the 


angular points of the polygon, prove that 
2m 
: ux ua (p 


nded by the arc 


dius of the circle and @ is the 
nds at the 


es is inscribed in a circle and from any 
drawn to the angular points; if 
beginning with the chord drawn 
rest in order, prove that the 


mference of a circle intu 2n equal 
t fall from any 
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15. ABCD... їз a regular polygon of n sides which is inscribed in a 
circle, whose radius is a and whose centre is О; prove that the product of 
the distances of its angular points from a straight line at right angles to 
OA and at a distance b(>a) from the centre is 


16. Prove that there 1з one, and only one, solution of the equation 


0=cos 9 and that it is less than 7. 
17. Prove that the general value of 0 which satisfi 


ies the equation 
(cos 8--i sin 6)(cos 20+i sin 26) 


өөө to n factors=1 
ED » where m is any integer. 
18. Prove that 


19. Prove that 


HE + ips tad int = [^+ cas (9L 
20. Shew that 


21. Shew that the sum of the series 


sam 1 1 3 Вт 
a [ss ji Gen] * 75-1. 
22. Prove that 


бк Мт, 16#‏ ا 
os Ty 608 Tj Hoos 17 +...--сов Ty Hoos 167 --i‏ 
and кее 29 ec T +. навс 1 „16+‏ 


17 sec 7 =8. 


[Misc. Exs. ХХУ.] 
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23. Ifa— m » prove that the values of 
соз a-1- cos 5a+cos 17a 
End cos 114+ соз 13a+cos 19а 
аге respectively ул апа — ES 
24. Prove that 


tan a+ tam (a+ 2) лап (+5) 
+tan (+¥) +n (e+ 4 =5tan 5a. 


25. Shew that the equation whose roots are tani; , where ris 
апу number including unity less than and prime to 15, is 


92x84 134x1— 2839 4- 1=0. 
26. From the sum of the series 


sin 24.) sin46+ à sin 60—... ad inf., 
or otherwise, shew that 


v2 1-5 О ТИРЕС 97 
IHS EE ... ad ini 
Assuming equation (4) of Art. 53, 
2 sint 
P=sin® 0+5 Tz —— Tg 


27. shew that 


5 
2.4 sin 
эсрин ee 
28. Prove that a 
1  sinhx 1 "S 1 1 » 
2x cosh x—cos a azî „2, Onna) F + mpat 
29. Prove that the general value of sinh~* х is 


ikz-- (— D log [K+V 18] , 
Where Ё is any integer. 


30. 'The side BC of a square ABCD is produced indefinitely, and 
along it are measured CC,, C, C5, С.С, --- each equal to BC. 
If Oj, da, 0,,... be the angles BAC,, BACs, BAC», 


sin б, sin 6, sin бу... ad iat 20 J. 


e—e 


EA , prove that 
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ЗІ. If ру, P,,......Pn be the distances of the vertices of a regular 
polygon of n sides from any point P in its plane, prove that 
ТРТ Ii бза rnam 
pat pj usse: * Prà al pn —Jgnpm cos n8-- a^ ° 
where a is the radius of the circumcircle of the polygon, r is the distance 
of P from its centre О, and 0 is the angle that OP makes with the radius 
to any angular point of the polygon. 
32. 1£0--$4- 4 —2z, prove that 
Cos? 04-со5? ф-- cos? #—2 cos 0 cos ф cos g=l1. 
Hence deduce the relation between the lengths of the six straight lines 
joining four points which are in one plane. 
33. Shew that the general value of log (— 1) is (2n4- 1)zi, and point 
out the fallacy in the following: 
loge (—1) =} loge (—1)8=} loge 1=0; 
“ 1-0], 
n= ^ 
34. Prove tnat the series „2, *^ sinh (n--1) a is convergent if x is 
numerically less than e-«, a being assumed to be positive, and that the 


n-o 

sum is sinh a/(1—2x cosh 2-33); put that the series „2, х" sin (n+1)a 
is convergent provided that х is numerically less than unity, the sum 
being sin а/(1—2х cos a-4-x1). 


35. Assuming the formula for sin 0 in factors, prove that 


н (1-9) oppor). ea ууз в р, 


3° 7з Түз 
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ADDITIONAL MISCELLANEOUS EXAMPLES. 
1. If (a,+4,i) pag ee . (an+bni) = A+ Bi, prove that 
tan? i bi ып ant? +...+ tanc 7 =tan™ A 


[Use De Moivre's d 


2, When x is small, shew that 


E 1 reed 
log sin x=log x— & — 180 
3. Shew that 
sinh (8— y) sinh (y— a)-Fsinh (a—8) 
—4 sinh £77? sinh گے‎ sinh; zh 


» 


4. Prove that the circular measure of an angle 8 is equal to the sum 
of a constant and one of the two series 


1 Цуу 
tan 0 — = tan? 0+ g tan*. Em 


—cot 04- со" 0—5 сов 0+... 


distinguishing the cases. 
Give the constants for the angles 49° and 200°. 
5. Sum the series 
+ ms -+ ... to infinity. 
“EÊ Ê 
6. Prove that 


1 atl 1 
coth х= 5 log 1° 


Expand coth-! x in a series of powers of x. 
7. Shew that 
1 1 1 1 
Icos a — 5 соз а — ? соза — ... = 2 Соз atp 
sin лар зїп (n—1)a 
sin (n+1)a+/ sin na ” 
here being n quotients on the left-hand side. 
[Use the method of Induction] 
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8. Shew that the geometric mean of the cosines of л acute angles'is 
never greater than the cosine of the arithmetic mean of the angles. 


9. Find all the cube roots of 88-+-16V—1 having given that, when 


tan 072, then tan 30= 2. 


10. Find the limit to which 


esinz—¢-sint_2 tan x 
"E 


tan x—x 
tends as x tends towards zero. 
11. Prove that 
7 E a—b. x -1 +a cos x 
ES [АЕ tan] eee 
— x 
(ii) 1 Vita b—atan5 1b+a cos x 
ii) log = 
Урра Уа tan SPP eer 


12. Find the sum of the series 
22. АЕТ (3:08 $ 
T.3 5n 21— 5 sin 4+ „=. sin Ge—... ad inf. 
or allvalues of x between 0 and s. 


13. Prove that the sum of n—1 terms of the series 


tan а tan 2a-+ tan 2a tan За tan 3a tan 4a... 
is equal to tan na cot а—л. 


Deduce the sum of the series 


1.2+2.3+3.4+ +++ to (n—1) terms. 
14. Prove that 


4/0. 1:36 .100. 196.324 ... 
3.35.99.195.823 


алны УЗ _ B-80. 224 . 440... 
2 "9781. 225. 441." 


[Use the result of Ari. 123.] 
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15. A triangular piece of ground is surveyed and the sides measured 

as 200, 300, and 400 m. respectively; but the measuring chain has 

cm so that its real length is 2% greater than its nominal length. 
ind the error in the calculated area of the triangle. 

that the radius of the inscribed circle is 


; 16. In any triangle, shew 
the circumscribed circle. 


never greater than half the radius of 
[Use the Corollary of Art. 204, Part I] 


17. Ifx=cos 0--'V —1 sin 6, prove that 
Le Leite i 
FSET SUT ао ad inf. 
— (cos 0+ cost 0)li—cos 0+ V =I [(cos 0— cos a)t—sin 0). 


18. Prove Snellius’ formula, that х differs from 


3 sin 2x b 49 сагі 
Foz) > 45 У, 
when х is small. 
19. Shew that 
;)د‎ (= log’ 
tant ( i555 2 18 5 


20. Sum to infinity the series 
7 19 31 1 
+S TT. у 
tors being in arithmetical progression. 


the numera 
[Put O= 7 in the result of Art э] 


21. Sum to infinity the series 


22. Sum to л terms the series 
tan a+2 tan 2a+2° tan 2* at... - 


sin 6 5 А г E 
: 23. Expand gîn acos Ô in a series of sines of multiples of 0. | 


P. T. Il- 8 
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24, Sum the series 

n= An+B 

n FF GH) GFF 
[Break into partial fractions and use Page 158, Ex. 7.] 


25. Ifcos 0--cos $-+-cos $=0, and sin 04-sin ф--зіп ф==0, 
then cos 304+ соз 3$-+-cos 3#—3 cos (04-8) =0, 
and sin 36-+sin 35--sin 34—3 sin (0+4+4) —0. 


26. Shew that the angle whose sine is ivs differs from the seventh 
part of two right angles by less than the thousandth part of a radian. 
27. Shew that the area of a segment of a circle of height h, 


bounded by a chord of length c, is hz, if powers of ^ above the first be 
neglected. 
28. Shew that the solutions of the equation sinh x—sinh а are all 
included in the expression 
пті (—1)" a. 

29. If x lies between 0 and 2z, prove that 

sin 2* , sin3x , sin 4x B 

1.8 + 2.4 * 3.5 + --ad inf. 


= jain [1-4 log (2 ER 
30. Given that tan ($+-0) cos 2a=tan ¢, 
Prove that 


Omtan® asin 26+ 5 tant a tin 404-3 tant 


a sin 6$+.... 

SL. The area of a triangle is determined by measurements which 
give 6=125 m, c=160 m, 4=57° 35’. Another set of measurements 
give 1255 m, 01—161 m, 4,=57° 25. Find the 

à b Я percentage 
difference between the second determination of the area and the first. 
32, Find the maximum value of 


sin (a—) +sin (B—y)-+sin (у— а). 
[Consider the maximum area of a triangle ABC inscribed im acircle of 


centre O, where OA, OB, OC make angles a, B, y with a fixed line.] 
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33. From the identity 


ota MMC 205-3. T E = 
&—5G-3* 06-26-23 0006-0 — 
deduce the identities 
соз 3(a+ 0) sin (8—») 

=4 cos (30-- a--B-- y) sin (8—7) sin (у—а) sin (a—8), 
and J sin 3(a--0) зіп (8—») 

—4 sin (30--a--B4-) sin (8—0) sin (у—а) sin (2—8): 

[Put a=cos (20-20) +i sin (2a--20) ete.) 


34. Prove that tan x—2+ tan Hd differs from 4 sin x—15x by a 


quantity of the seventh order at least. 


35. Ifa be the length of the chord of a circular arc, and 6 that of 


the chord of half the arc, prove that the length of the arc is 
Bb—a 
3 
If c be the length of the chord’of one quarter of the arc, 
a nearer approximation is 
a—4054-256c. 
^ 45 


approximately- 


prove that 


shew that these approximations give the 


If the arc be a quadrant, 
es of decimals respectively. 


value of 7 correct to 2 and 5 plac 
36. If loge loge (T5) —p- ig, then 
yx tan(tan 4 loge vix»). 


37. Prove tha 
8 , соз? 8 cos 30 , cos 50 
dant E ея i lom 
cos 0 , cos* 0 cos20 , cos 40 
سے‎ — ] —— 
mU р Ea 


38. Find the sum of the series 
sin @ sec 30 4- sin 30 sec 329+sin 330 sec 3*04- ... to n terms. 
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39. Ina triangle АВС, if b<a, shew that 


з 
(б) B= bin C+ 15 sin 20 + ain 3C4...., 


and (8) Soin Ban! sin C+ +) E sin 2C 


n(24-1) (04-2) B® . 
daas ge ga sin 3С+.... 


40. The sides of a triangle are observed to be a=2, b=3, c=4, but 
it is known that there is a small error in the measurement of с; find 
which angle can be found with the greatest accuracy, 


E RM) (a NY d 
41. From the identity 
(x—5) (x—c) (х—с) (х—а) (х—а) (x— b) 2 
^ (65) («2 НИ 6-5 6-2) * ^ Gp и, 
obtain the identities 


cos 2(0+ a) و ا‎ 3-two similar terms = соз 40, 


; sin (0— B) sin (0— у) ag : 
and sin 2 (0—«) tin (a—f) sin (а— у) * WO similar terms—sin 40, 


ped e 
42. Itan (0-4) = EL, and ¢ be small, prove that 


$-0— F sin 20- f (9 tin 20—sin 40)+.... 
а ара) mt font 
shew that @ has four sets of values given by 
3 TLEVISSCECT 
Om (2m4 4) "ži log LEV TT, 


where m and я are any integers, positive or negative, and m may be 
ako zero. 


What is the solution when n=0? 
м. Find the sum to п terms of the series 


: 0 8, 0 NE) 
معا‎ 0 tan? ج‎ +2 tan ج‎ tant +2° tan 5, tanto, +... 


П 
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1 4 
45. Ifcot dq cob 8, expand pin a scries procecding by a ascend- 
ing powers of x. 


46. Shew that the sum to nag e the series 


1.2, 
Ba 2-9 ЗА 
is иал Мы 
384 ` 


[Use Art. 127.] 


47. Evaluate the continued fraction : 
2 2 2 


Got 20— cot 2° 0— ...— cot пт tan 2" 0^ 


cot 0— 


48. Prove that in any planc triangle the value of 
tan B tan C+ tan C tan A+tan A tan В 

cannot lie between 0 and 9. 

[Shew that the expression — 14 5с A sec B sec C and then apply the 
method of Art. 152.] 

EA 

49. If cos z=cos (z+) cos A+sin (z+) ) sin A cos h, where * 
and A are so small that powers higher than their cubes may be neg- 
lected shew that 


1 5 
х= A cosh h— у Л? сої z sin? ha A? cos А зіп? h. 


50. Prove that if 


(1-i tan a) tite 8 
can have real values, one of them is 
(sec a) 
51. Sum ton terms the series 2 
cota cot 3a cot 4a d 
* Ires За sec? a * Icos 4a sec" a } 


T—cos? 2a sec? а 
52. Prove that 
1 Leos § zac) ey? 


and deduce an expansion of 
31 
2 


14-cosec Н 


in cosines of multiples of б. 
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53. Prove that 
ЕШ (а) гл г (2r—1)r 
2 a ON } 
[Use the first formula of Art. 120.] 
54. Find the sum of the Series 


1 1 1 А 
Bm ZF, гда Had inf. 


55. Shew that the area of the greatest triangle, whose base is b and 


a 
the ratio of whose sides is r, is AT UM 


56. Shewbya graph that the equation sin x—tanh x hasan infinite 
number of real roots, and that the large positive roots occur in pairs one 
a little less and the other a little greater than (26+4)z, where 5 is a 
large positive integer. 

SAN 

57. Regular polygons of n sides are inscribed in and circumscribed 
to a circle. Shew that, if n be large, by taking the mean of the peri- 
meters we get a nearer approximation to т than we should get by taking 
the mean of the areas by about Ee 

58. Aregular polygon of n sides is inscribed in a circle of radius a; 
prove that the sum of the reciprocals of the distances of the angular 
points of the polygon from a. tangent to the circle is 


ӧд Cosec" n0, 


where 20 is the angle which a radius drawn to the Point of contact of the 
tangent makes with the radius drawn to one of the angular points of 
the polygon. 
59. Shew that the Principal value of 
-(a+bi)P+gi 
(a—bi)P-qi 
is cos 2 (pa-+g log r) +i sin 2(pa-+4 log з), 
where Vata b 


» and a-—tan-12. 
в 


60. Sum to п terms the series 
Созес 8+-cosec 7 +соес +... 
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61. Sum to n terms the series 


1 
Талі аван 2а 


1 1 


I-uskzsunhia!p—tanh3atanh ба. 


62. Shew that 
sin 0 i A 9t: 
рр нга SS 0 1)0. 
17254)! sec! # Pd sec" 0 sin (n4- 1) 


63. Prove that 
2 
ТЕ 
гар e 
(К+ 3) (d 


64. Prove that , 
oec) y e 
and deduce that Т 


Т уш 
1-51 2 
[а the result of Exs. ХХІ, №. 13 put а=; | Then take logarithms от 


equate the coefficients of powers of в) 


65. Shew that К 
2 — = 
cos* Wee" Tit cos* 5 te ua 
66. Ifz=sin 5 , shew that x is a root of the equation 


64x*—96x4+-36x'§—-3=0, 
and write down the other roots of the equation. 


that the roots of the equation 
pp — 5/9? + BB+ 1=0 
, where r has either of the values 2, 4, 8, 1 


67. Shew 


are the values of 2 создү 
16, 20. 
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68. If x+1y=5(cos В+, sin B) (cos 8+: sin 8) 


+e (cos y+; зїп y) (cos 0- «sin 6), 
where b, £, c, y are real constants and x, y, @ real variables, shew that 
as 0 varies the point (х, у) describes a conic section. 


69. If ф=0—2‹ sin otsin 20—5 sin 30, 

3 з 
Prove that =$42¢ sin $+ зе зїп 24+5 (13 sin 36—3 sin $), 
where powers of ¢ above the third are negelected. 


70. Prove that, if powers of 9 beyond the fifth be neglected, then 


O=2 sin 6. NA (sin 0—2 sin 5) +0 —соз буз, 


7l. IfA, B,C, D be four consecutive vertices of a regular heptagon 
inscribed in a circle of radius unity, prove that 


4C-AD— AB— 477. 


72. Prove that 
x? 5x* бда 1385x^ 
Т AM Г uo 
3х1 33,4 723х6 
and sec? р + E e 


73. If n is odd, prove that 


2n 4т (п—1)» 
cot? Bat cots + -n +cot? m © (n—1) (n—2). 
74. Ifnbe €ven, prove that 


cot? 3 Foot? +... +cot? Dr - i n(n—1) 
75. 


If a is an even integer, prove that 


seda 57 92 (25—3 2 
sect 2; sec? зп зес* Zn sect TES Jaa 


T 
76. Prove that 
iori 2т 
Ze (m 
is equal to n" sec" na, or to 
n 
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77. ; E 
prove КУ equating the coefficients of n? in equation (4) of Art. 52, 
1 
= (sin- i. Тоя 1 
gom 1. 24 [А пуза лү1.3.5 
д уц (6+) 3 + (++ 2و‎ a6 е 


78. D B 
Solve the equation sinh x=3* by a graphic solution, and thence 


Obtai; rm 
п a nearer approximation by analytical meth 


phic solution, and thence 


79. Solve the equation &=3х by a gral 
by analytical methods. 


Obtai Suy 
in nearer approximations to the answers 


oo. If مھ‎ =tanh 
sh 
hat cos x cosh x1. 
By means of a graph and the Tables, shew that the smallest root of 
and find roughly the values of the 


this equation is 4-730 approximately, 
other roots. 
3px+g=0 are imaginary, 


81. If two of the roots of the cubic х2— 
the roots are 


to that 41457, shew that (i) inp be negatvo 
М sinh и, App sinh ati V3 cosh ш], 


where PAN eso 
2рУ—р 
and (ii), if p be positive and 4 be negative, the roots are 
V4} cosh и, /p[-- cosh uti УЗ sinh u), 
where osh Зи=— ед 
Ci u 2pVp 


ger inf» a (cos a+isin а), 


82. if 
shew that the general value of x is 7 (cos 0+i sin б), 
in a+log а cos 
where log r= [GELS sin ax opo 5 
and he (2пт+- а) соз o—log asin a 
аваа 


83. Criticise the fallacy 


ве) бее 2.‏ = )= ۾ 
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ETE т =@ну®, 


where n has any positive integral value, prove that the solutions of the 
equation tan x=x are approximately 


1 2a? 
thot 
1 1 1 1 7—2 
85. Prove that 1.8 8.8* 553—594 E TURO 
1 1 1 1 2/2-4 
and 3:5 7.97 87 pg +--= 22 
+ 2 ‚ I+x 2,5; i—l 
ү [ For the second part, in the expansion of log Tag Put xii v2 
Sum to л terms the series: 
sin 3a sin 5a sin 7a 
$6. cos Za соза cos Фа cos ba + pg + =ч 


tan? 0 1 _{ап?30 1 tan?339 
87. I=Stan?6* 3 31:35 3 T—3tan 33g t 


1+2 cos 2a 1+2 cos 4a 1+2 cos 8a 
88, “sin 4a sin a + “gin I6 
0 в 0 0 0 0 
89. e BATFE teh ы ә е 
90. 2 t 30 432 Cos 30— cos 329 


sin 32g 5 


420-1 ph d; MSN ed) 
ove mcm NES = Ste TA 

"n t 1, 
A EU n aee ы + 


З sin 35-1 — sin лу 
3n-1 cos 3nx 


sin 3x sin 6x sin 12x 
sin x sin? 2x + sin 2x sin + изу te 
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1 rt... 
95. mmc o de 
98. tant? 4 tan- 2 
gp tent; RN сти. t 
97. 1 a e 
tan: 1$ + tan’ 5 +... tan uat 


75 


9€. tanh” «+ tanh”! | 73 + tanh" р за 


FEET ү sisin20 
TEx cos 6 9 " Tz" cos 20 
sin 80 


_, sin 40 
Eun! CEA ca] F2 Epson Т 


0 
109, ET ч mon 
TER NOSE О AUTE 0 cots 
101. 2 coscc 0 cot + J; coec д 00175 + ga 0007 ton 
102. Sum to infinity the series whose rth term is 
l cos r0 tan’ б. 
Iz 
103. Prove that 


OS 
0—sin 6 cos 0-2 sin 0 sin? $+ 2° tin z sin? 75 


104. Shew that 


т=1 20-1 соз gq 


105. Shew that 


206 TRIGONOMETRY. 


106. Shew that 
Ne 2} 37 
imd рч = —, 
GAS (5) cn 
107. Prove that 
cot? 24 cot-1 8+ cot! 18+ со-1 32+.. 
108. Find the sum oF the infinite series 


1+ gata ett prt 


„to œ = 
=> 
24 4 


109, ey that 
ха gag 

xti T + Bt „ad inf. 
(1+)? (1 +x +) v3 xy3 
= (=a) (Ixa) + 7g tan? ГУ. 

Find the ua a the series 

1 1 1 
-3+ 5- 15 * 17— 23 
lll. Prove that 


110. 


1 Я 
23 * 25 — ай inf, 


1 = 714 30nt— 384 
Hom gcn ay ا‎ etal E OMM 
112, per that & 
1 1 
(1) TERT QR pint plot. vad inf. =F coth $ — 2 
and that 
1 

@ л ita Т ge چ‎ +. гай inf. = 2 — ğ coth 5. 
[Use the result of Ех. 7, Ра: 158.] 
113. Prove that 


1 3 
BF за + а a 


„ad inf, — 7 4 Sech ЕЯ 
and that 


1 3 5 7 
Peat pat за Ta ++...ad inf, 


32-75 3» cosh = Т * sech Z 7 
| Use the relation in Ех, 9, Pag 


е 158, el eT: 
for е) E 
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114, When n is even, prove that 


n 
нра ad te к= = 

(rat 0 9s it (+° =). 
Deduce that 534 

tan р ange tan 27... tan ат. 
115, Prove that 

(1--^— (1—а)" 
2x 


= (oct Z) (x+ tan" х)... (+ z) 


1 
where үр (n—1), and л is odd. 
116. Shew that the infinite product 


is equal to sech ( ps ) sinh т. 
117. If a, f, у... denote the prime numbers 2, 3, 5 
а2—а-* p-—p- LM 
Srl “pale? ..-to infinity= 2. 
: 118. Two regular polygons of n sides Ay 43» --- An, By Bs. 
inscribed in the same circle of radius а. Prove that 
п (A,B) -2ne sinn f: 
1 values from 1 to n, and @ is the angle between а 
of each polygon. 
sides, inscribed in a circle 
m of the angles that AP, 


о prove that 


„Вп are 


where r and s have al 
pair of radii drawn one to a corner 

119. ABCD...is a regular polygon ofn 
of raidus a and centre О; shew that the sui 


pius sin nO 
a^ cos nü—r^ " 


where OP=r and / 40P— 0. 
[As in Art, 119 break x^ —a" cos nO--ia® sin nO into linear factors, and 


apply the theorem of Ex. 1, Page 193.] 
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120. Along a tangent to a circle are measured from the point of 
contact В distances BB,, B,B, ... equal to the diameter of the circle 
and C,, C, ... are the middle points of these distances. From A, the 
other end of the diameter through B, lines are drawn to the points 
By, B, ... Cy; C, ... meeting the circle in b, Б... Cis са .... Shew that 
the product of the chords Bb,, Bb, ... bears to the product of the chords 
Ва, Bc, ... the ratio 

Va coth s : l. 

121. Shew that 


tan” (tanh y cot x) -tan-1? — b tanc. 29 . 
X, о nd 

Two points, P and Q at a distance 2d apart are at the same distance 
€ from a straight lineand arc also equidistant from one of an infinite series 
of points uniformly distributed along the line at distances a apart. 
Shew the sum, 6, of the angles that PQ subtends at the points is such that 

tan Ы =tan ан ge 
2 a a 

[Take sin (x-tiy) in factors (Art. 122) and apply the theorem of Ex. 1, 

Page 193.] 


122. Prove that 


| = heces 
n=1 ncn] cosh #/2—cos ту/2` 

Un equation (2) of Art. 130 first put 2а=т and 20—14/3; next pul 
2а=пу/2 and 20—mV/2. Divide one result by the other.) 


123. Shew that the sum to infinity of the series 


2 
tan^!n*-4-tan-t ^ T tani mte 
_, tan a— tanh 

tan үт =, where a= = 
[Start with the result of Art. 122 and put 0—ng V Т] 


124. Prove that 
к an 1 
tan” n?-- tan-t 3 tnn +... ad inf.—tan-! (tan @ tanh 6), 


where 0= 17 


272: 
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125. Prove that 


їап-!(со{ д coth ¢) + tan”? | cot (#+ z) coth 4| 


T tan? [со ( 04- 2) coth J +... ton terms 
Ы tan” (cos n0 coth пф), ог (апт (сог лд tanh n$), 
according as n is odd or cven. 
[Use the result of Ex. 21, Page 145.] 
| 126. Find the sum of the infinite series 
1 d 
tanî ы -Ftan-! n +tan-? 3% ++.. ad inf. 
[Start with equation (2) of Art. 130 and put 2a=20=7 2 - 3i] 
127. Prove that 
TX 
tan” х—{ап-! уха ic ... ad inf.—tan^! ( tanh y ). 
| [ра a= 7 and 0=7% in Ex. 13 of Page 159.] 
ў 128. If x be 4 positive fraction, and if tan-! y mean the least positive 
angle whose tangent is_y, prove that 
r=% (2-41) х. 


3 
ES pe is "Y 
‚2, (—1)r tan! gris -tan E 4 "74 
129. If ABC be an acute-angled triangle, shew that 


sin A+-sin B+sin C>cos A+ cos B+cos C. 
130. The internal bisectors of the angles 4, В, C of a triangle meet 


the opposite sides at D, E, and F. Shew that the area of the triangle 
DEF cannot exceed one-fourth of the area of the triangle ABC, 


131 If lies between 0 and au shew that as 0 increases from 0 to 8 


the expression Asin Ө— 0 sin B first continually increases and then con- 
tinually decreases. 
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132. Prove that the determinant 
cos 6, 1$ 0, 
1, 2cos0, 1, 

0, 1, 2cos6, 


» > 


of n rows and columns is equal to cos лб. 


133. Shew that the nth convergent to the continued fraction 
1 1 1 
2 tan a+ 2 tan a+ 2 tan a+ 7 
(tan a+ sec a)"— (tan a—sec а)» 
s (tan a+sec а)”+1— (tan a—sec a+’ 


134. Shew that the nth convergent to the continued fraction 
У __secta sec* a sect a 
\ —2 tan? a— 2—2 tan*a— 2—21tan*a— '" 


is sin 2na 
cos? a sin (2n--2)a ` 


135. Prove that 
sec? asec? a sec? sect а sec" a 
= ЧЕ a AES 
to r quotients is equal to 


sin ra 
2 sin (r+ l)a cosa 
136. Shew that 
tan 0 1 pog 
9 1—8—5— 
Un the following Examples it will be Sound convenient to use the Differential 
Calculus.) 


137. Prove that 
cot®$-+ cot? (#+2} "eot? (++ х) ло еы 


=n? cosec! пф cot né—n cot np. 
. [Differentiate twice the result of Ex. 6 of Page 731 
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i 138. The two equal sides of an isosceles triangle are given in 
ength; shew that when the radius of the inscribed circle is a maximum 
the angle between the equal sides is 76°, to the nearest degree. 


139. Sum to n terms the series 


a кыск bes 


140. Sum the series 


1 cos 36 1.3 cos 58 T 
cos c 5—3 ^ 2.4 5 +... ad inf. 


141. Lo с: onem 
Express mde cnr as the sum of 7 partial ions 


with denominators quadratic in х. 


142. Shew that 
coss 1+ 


sin?x # 
[Differentiate the result of Ex. 11, Page 159.] 


143. An infinite straight line is divided by an infinite number of 
points into pertions each of length а. Prove that the sum of the fourth 
powers of the reciprocals of the distances of a point O on the lipe from 


all the points of division is 
я“ ab быз 
al cosec* m —2 созес' 2) 


1 1 1 1 
Giu G9) + pump Gum »t 


where b is the distance of О from some onc of the points of division. 


(Differentiate twice the result of Ex. 11, Page 159.] 


144. Prove that 
з 1 ту2 . sinh rx y2+sin пх\/2 1 
cea mus 4 cosh sx4/2— cos ax /2 24 


[In equation (2) of Art. 130 put 2a—20—x4/2; then take logarith 
and differentiate with respect to x.) » 


1. 


1. 


ANSWERS TO PART II. 


Т. (Pages 9—11.) 
loge 2. 9. loge 3—log. 2. 


П. (Pages 24—26.) 


V2 (esi +isin 3): 


ЕЕ) 


4 


2{ cos 97 pi sin |. 4 5 Ё sig). 


MSL 
V жи 282, at zum] 
(v6— v?) [соз ы Е u] 
соз (100-124) —i sin (1004-122). 
cos (a+B—y—5)+i sin (a--8— y—6). 
cos 1070— i sin 1078. 10. —1. 


. sin (40-58) —i cos (4a--5f). 


2n+lsin” ¢ cos n кейт 


Р $m ;... 3a 
cos Б sbi sin р; cos э {ш т. 


Ш. (Page 30.) 
1; HEB, 2 ы; VE, Sv Ski 
N (cos 73 Fein 5) , where r=3, 7, or 11. 
SORS (cos 10 Xi sin 16) where r=1 or 3. 


\ 


16. 


TRIGONOMETRY. (PART И). 


ә тт is 
£92 («= +i sin 2), where r=1, 9, or 17. 


Ti sin $], where r=5, 11, or 17. 


32088 [ cos 5 


4.92 cos 5; — isin ah where r=1 or 7. 


42 [cos тр +i sin i] where r=1, 13, or 25. 


34 [cos mH sin Ts), where r=—1, 5, 11, 17, or 23. 


+2 and +2i. 
2, and 2 [cos T +i sing), where r=2 or 4. 


—1024. 3—1. 14. 


+1, si, + (con Z i sing), and (cos 5 4i sin). 


The last four values. 


17. 


18. 


19. 


7. 


—1 and cos 7 + зат, where r=1, 3, or 5. 


=1, cos3 i sin jp 4 7 +i sing), 


and (cos р З, sin =), 
242 cosg, where rl, 7, or 13. 


IV. (Pages 36, 37.) 


5 tan 0—10 tan? 0+ tan 0 
1—10 tan? 0+5 tan* 8 
7 tan 0—35 tan" 0+21 tan* 6— tan? 9 
1—21 tan? 04-35 tan* 0—7 tan? 0 
9 tan 0—84 tan? 0+ 126 tanë 0—36 tan’ 0--tan? 0 
1—36 tan? 0+ 126 tan* 0—84 tanê 04-9 (ап? 0 ` 


iii 


1 ` 2 a 1 
P AR^RIE 1 2 a l 
6. 3°48°51. 7. چ‎ LE у 10.05 
a? a*+ab+b? 
п. 3. 2 13. 0. Ho EDT, 
1 1 25 
15. — 5 16. 2 -o-g 18. — тї 
1 
71. в 
24. 0 
а 28. —9 
E 
29.:1 30. 0. 31. 1 32. ie 2 


VI. (Pages 52, 53.) 
8. х*—55х*+--330х%—462х1--165х— П =. 
IX, m 73.) 


1, pu cos n6, (n odd); 353i [(— 1)8— cos n6], (n even). 


(= psi jasin n0, (n odd); (i дпа (1— cos n6), (n even). 


3. n!cosec! n0, (n odd); à n" cosect 1 пе (п even). 


n! sec? n0—n, (n odd); m+[1—(—1)i 
—п cot (¥ -Fnü ) 


"-1 


(—1) 2 tan n6, (n odd); (— 2, (п even). 
8, n" cot (7 +n0) +n). 


cos n8]—n, (n even). 
6. n cot nf. 
7. 


10. 


17. 


18. 


19. 


20. 
21. 
22. 


23. 


1, 
tive. 


2. 


15. 


1. 


1. 


TRIGONOMETRY. (PART IL) 


Oort 


n 
(—1)Z cos 6—1 
XI. (Pages 86—88' 
соз а cosh В—ї sin a sinh В. 
sin 2a— i sinh 28 
cosh 28— cos 2a 
2 sin a cosh B—i cos a sinh B 
cosh 28— cos 2a ы 
соз a cosh B+ isin а sinhB 
cos 2a+- cosh 28 
sinh a cos B-+i cosh a sin Ё. 
sinh 2a-+i sin sin 28 
cosh 2а-Есоз 28 
cosh а cos 8—1: sinh a sin sin В 


bir “cosh 2a-+ cos УТИ 


хп. (Page 92.) 


iv 


3 
n Р H 
, according as n 15 odd or even. 


Esin 9 according as cos 0 is positive or nega- 


+4 i tog i-us 


-1 (Vsin 6)--i log ГУТ зіп @— Узїп 6]. 
хш. (Page 99.) 


sin: 


j log (emet tan 2, where 


log 


u= 5 


2 
ху. (Pages 112, 113.) 

2 2. 3. 5. 4, 1 
XVI (Pages 117, 118.) 


24 sin a 
5—4 cos a 
0, provided a does not equal a multiple of 7- 


cosh = 2x and р=!ап^! (cot x tanh у). 


5. 


-3. 


ANSWERS, 


sin’ a 


sin а (cos a—sin a) 
1—sin 2a+sin? a 


1—зіп 2a+sin a * 
sin a—c sin (a— B) —c^ sin (a- n) J-c^*! sin {a+ (n— D8}, 
Sor a 1—2c cos В+ 02 
sin a—c sin (а—8) 
1—2: cos ppe ^ 
1—c cosh a—cn cosh na+c**1 cosh (n—1)a 
1—2c cosh afc? 
¢ sinh a 
1—2c cosh афс" 


соз a+ (— 1)^-1 ((n--1) cos (n— 1) a+n cos na) 
2(1-Есоз a) ` 


sin a+(2n+3) sin na—(2n+1) sin (n--1)a 
2(1—cos a) a 


0, if n=4m or 4m+3, and 1, ifn=4m+1 or 4m+2; 

0, if n=4m or 4m+1, and —1, if n—4m--2 or 4m+3, 
B . ng 

(2 cos 5) . sin (a+ EJ 

(2 sin a) + sin (f+ 3) > except when ала, 


0, ifn be odd; (—1)3 sin” a, ifn be even, 
sn a\* | [fmm na 2 
(2 sin 5) «ча (F - зе) sif nbe <1. 


V cos (соз 9), if 0 be between =y and+ 5. 


ХУП, (Pages 121—123.) 
609082 sin (а--с sin В). 


2. (09 cos (atc sin В). 
47595 cosA cos (cos a sin g). 


11. 


TRIGONOMETRY. (PART и). Q 
sin a cos (cos B) cosh {sin В) 
— cos a sin (cos В) sinh (sin В). 
sin (cos B) cosh (sin В) cos (a—B) 
— cos (cos B) sinh (sin B) sin. (a—B)- 
cosh» cosh (sinh a). -7, cosh» sinh (sinh a). 
gycos(sin =) cos {y sin (sin a)}, where y=695*. 


gycos(cos +) . cos {y sin (cos a)}, where у=" *- 


Leos {соз (B-+sin 6) +4 co (sin 6)} 


+ Herons {cos (8—sin 0—4 e (sin 0))- 


tan Three’ except when c=] and a=(2n+ ES 
Ж шо except when с=1 and а=пт. 


1+2 cos a+c* 
ов j2 cos ate 
1, 14-2¢sin ote 


2c cos a Dior ieu as 
л сүа 15. 1108 j—2c sin ot 


Ne ee NI 


T or 0 according as СОЗ a is positive, negative, or 


1 coe (o) ani 26982 — jim (af) tambo? pua 


log (in SF cosec 22), except when adf is а multiple 


— 
log [(1 e) + V 1-26 cos Zate]. 


1 
21. —5 tan-! (cos B cosech a). 


(24/3 loge (2+ /3)—7- 


vii ANSWERS. 


ХҮШ. (Pages 125, 126.) 
l. cot dot 21р, 2. cosec @ {cot 8— cot (п+1)0). 


3. cosec 0 {tan (n-- 1)0—tan 6). 
4. созесф {tan (8+ng)—tan 6}. 


5. g cosec e{tan (n+1)a—tan a}. 


6. 5и So = 2—2 cot 26 


7. 2 coth20— [e coth mer 8. tan 2% 0141 0. 


9. tan 0—tan ж tan @, 
10. sin 0 (cot @—cot 2» 0). 
п. H sin 264-(—1)^* sin 2 


12, р sin 20— pu sin 2+18, 


2n4 
13, 1 соѕес 5 (see zi 1 0—sec j 
1 
14 S= gma tan 2" a—2 tan a. 


15. 12 соз "m y" os 3n o}. 
16. Hoan sin 3s sin dr 

EU pC an a. 
18. i [cot 0—3" cot 3» 6]. 


19. tan-((n-1) (n+-2)}—tan-19. 
20. tanm (n+1)—tan-t 1, ie, tan- 


2 
21. Spmtan-* 2°—tan-t1; у т 


* 


22. 


where 


10. 


12. 


13. 


14. 


15. 


TRICONOMETRY. (PART П). viii 


Sy—sin-! 1—sin 


XIX. 
1—a cos 8 Һа? cos 20—2a cos 30+. ..ad DP 
cos 0-+a cos (0+ 4) F2 cos (02-20) + 
sin 04-а sin (8-5%) a sin (0429) + < T inf. 


cos лае) cos (82-24) ge (0--39) 


IE 
д. ad inf. 
тд sin ф+ > Bem age دا‎ 36e ad inf., 
Н [E 
/IATH i 
po Vary and gotan A 
х cos a— 5 sin 2a— 3 la cos a+ 3 ЦЕ ^ sin 4a. 
+ i cos 5a— ++ ad inf. 


l cos c sin 3x 


— «за inf. 


(1) metas 5; @ "= 


1 
—log 2—sin 20 1 cos 4645 9! 


4:2 log cos [a — В} ио<В< 


їх ANSWERS, 


хх. (Pages 144—146.) 


Loo [+25 соз (374-1) т i}, where r=0, 1, or 2, 


2; I [е2 соз (61) 74 J where r=0, 1, 2, or 3, 


3. II [e-2« cos (674-1) isti] 
r=0, 1,2, 3, or 4. 
т 
4. II [x2 cos (34+1) 5+1], 
r=0, 1, 2, 3, 4, or 5. 
5, ufa cos (6r-+2) z*!] 
7—0, 1, 2, 3, 4, 5, or 6. 


6. (x—1) n [2 cos Tu] where r=] or 2, 


% пе cos (2r4-1) &*1] where ro, 1, or 2, 


8. (x—1)1 [2-2 соз ты where r=1, 2, or 3, 


9. (х+1)п [е2 @+луд+], 


r=0, 1, 2, or 3, 
10. (а on [e-2. cos тр І], Where r=1, 2, 3, or 4, 
(жыш [а coy + +1], 
E - 
12. (а_| DE 


=2 cos T4 1}, where r=1, 2, ... 6. 


т 
13, ЫШ н соз (2741) 2+1] 
29. Take the logari 


reading r instead of x; differentiate wi 
with respect to б, 


› Where 7=0; 1,2, ....9: 


7. 


7. 


6. 
7. 
8. 


TRIGONOMETRY. (PART Ш). 


XXIL (Pages 175, 177.) 
+32746...m, and 4-:24989...m. 


__а cos 28 a sin*B 
cost (a--28) 8 апі s (а 28) 5; 
10r = 
МУЗ ма 5@—УЗ\® де 


—1, and س‎ 


"E 
wo 


— 14-2 cos 40°, — 1+2 cos 160°, and —1+2 cos 280°. 

—4, and 24-24/3. 4. 4 ard 13 V3. 

24/7 cos 0, where 9=33° 37 52%, 153° 37. 52", and 
273° 37' 52". 

g 5' 51^, 159° 5 51^ and 


AU 
DEAD созё, where =3 
279° 5' 51’. 


УЭТ cos 0, where 844^ 
284° 50’ 49". 


50’ 49°, 164° 50’ 49%, and 


wn 


XXIV. (Page 182) 


The expression cannot lie between 2 and E 


The least value is Vaî—b?, provided that a>b. 


1 
The greatest and least values are 3 and 3 respectively. 


The least value is 2ab- 
If a and b have the same signs, the least value is (a+-b)*. 
2 tan a. 9. 2 seca. 


4. HL 
i echo bm, 1 
5. 2—x sin x—cos x. x32 Б Т 
9. —2—45 142 V3+i(2F 3). 10. —2, 
12. H sin x, if 0<x< 7; 0, if х= 25 2 q tins, if 5 xem. 
15. 1175 sq metres. 20. 1-1: 
21. 1—(I—cos 6) log (2 sin 9) — TZ sin o; unless 0 be a multiple 


of 2л, when the sum is unity. 


22. cot a—2^ cot 2" a. 


23. al tan join 6+tant $ sin 204....]. 
24. 0-363 GH [(4a—B) (b—c) cot za4- ... E Je 
3L -34.. — 32 M 38. } [tan 3» оа ПА 


4. 4. 44. tan 0—2^ tan P. 

х lata tabes 
Ыш O- gpg Ча20+ 5 = sin 39 
47. tan 0. 

51. cos? a 1 


1 
Se кы ыу. 
sin (n+1) са] 

1 1.3 
1+3 соз epi ۾‎ = 20+ 54-9 cos 30... 
E 
54. 3^ 


68. cot ж cot 0 


61. 


110. 


1р1 
сок 0—29 cot 3" 0. 91: ЗЕ 


TRIGONOMETRY. (PART п). xii 


cosh (n+1)a. sinh na 

d‏ کے ыл‏ امن 
aha E 78. 2:840.‏ 

1-5121; 6191. 80. 78,110; 141 ..-- 


d cosec а [sec (21+2) a—sec 2a]. 
1 

тз ша 3" 0—3 m 0), 
sin За cosec а cosec 2a 


—sin (3 2") созес 2na. cosec 2" а. 


sin [со ait 3]. 


зір? па cosec а sec 2na. 


Е 


1 са оз 
g, tan 29 0—tan 0 9%. ба +15 
aud 9g. tanh^! пх. 

1 ——. 
tan m45 

2 xsinÓ tan x? sin 2" 0. 
tant 1 cos 0 


E a[o gs ci] 


1 Dy uM @ 
jan see" garî 2 7 
gin ? cos (sin 0 tan 0) —! 


(V2. 


xu ANSWERS, 


-13inh 4 sin E+sin 4 sinh # EL. 
126. tan cosh А cos р созд cosh p — 4: Where 


А=ту/2 cos ğ and һ=пү2 зіп", 


139. 4 созесз 2х— фона, 
140. 9 C037 (2 sin 8—1); unless 8—nn, when the sum is 


cording as n is €ven or odd. 
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